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PREFACE 


Tuts textbook is intended to serve as a concise introduction to the 
analytical geometry of three dimensions. Accordingly the same 
general plan of ‘Analytical Conics’ is adopted. 

The book begins by developing ab initio the theory of the plane, 
straight line, sphere, cone and cylinder, central quadrics and para- 
boloids in their standard forms. Next, the concept of the plane at 
infinity is introduced with the aid of homogeneous Cartesian co- 
ordinates and applied to the nature of the intersection of three planes 
and to the circular sections of quadrics. Subsequently the properties 
of the quadric given, by the-general equation are studied. After this 
the invariants of a quadratic form under translations and rotations 
are treated and applied to the classification and reduction of the 
quadric. This is followed by a discussion of foci, confocals and 
linear systems of. quadrics. ` Finally, an introductory treatment is 
presented of plane-coordinates leading to the general treatment of 
confocal systems. 

The theory of general homogeneous coordinates has been omitted 
as little progress can be made in three dimensions within the compass 
of a short chapter. 

‘The concept of the rank of a matrix has been widely used. The 
definition of a matrix and all the results required are summarised in 
the first Appendix. 

In order to derive the full benefit of the text, the reader is strongly 
advised to solve the examples for himself. However, a second 
Appendix containing worked-out solutions or hints is provided. 

My thanks are due to the Board of Trinity College, University of 
Dublin, for permission to include many examples selected from the 
University examination papers. I am indebted to Mr. P. J. Wakely 
for a critical reading of the manuscript and to Mr. A. C. Newell who 
checked the examples. For help in reading the proofs I wish to 
thank my wife and elder son. 

Finally, I wish to express my appreciation to the staff of Messrs. 
Pergamon Press for their cooperation, help with the diagrams and 
high quality of their work. 

B. S. 

Sir John Cass College, 


London 
June, 1960 
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CHAPTER I 


INTRODUCTION 


1. Point coordinates 
In a plane the position of a point is determined by its perpen- 
dicular distances from two mutually orthogonal straight lines. 
Analogously, in space we choose three mutually orthogonal 
straight lines X’OX, Y’OY, Z'OZ called the x-axis, y-axis and z-axis 
respectively (Fig. 1). The convention is made that the directions 


Fic. 1 


OX, OY and OZ are positive whilst the opposite directions OX’, 
OY’ and OZ’ are negative. Then the position of a point P is 
uniquely determined by the perpendicular distances LP, MP and 
NP to the planes OYZ, OZX and OXY respectively. These 
distances, which we shall denote by x, y and z respectively, are 
called the coordinates of the point P with respect to the given axes. 
The planes OY Z, OZX and OXY are called the coordinate planes 
and O is called the origin. We shall write P = (x, y, z) or P= 
(vp, Yp, zp) if we wish to emphasize that xp, yp and zp are the 
coordinates of a particular point P. 

The coordinate planes divide space into eight octants and the 
coordinates are signed quantities, their signs depending on the 
octant of space in which P lies. For example, Q, the mirror image of 
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P in the plane ZOX, has coordinates (xp, — yp, zp) whilst the mirror 
image of Q in the YOZ plane has coordinates (— xp, — yp, Zp). 
Further, we have L = (0, yp, zp), M = (xp, 0, zp), N = (xp, yp, 0) 
and O = (0, 0, 0). 

Figure 1 has been drawn so that OX, OY and OZ form a 
right-handed system of orthogonal axes. That is, a right-handed 
corkscrew rotating from OY to OZ through a right angle advances 
in the positive direction OX. Similarly, if the corkscrew rotates 
from OZ to OX or OX to OY through a right angle, it advances in 
the directions OY and OZ respectively. If we reverse the direction 
of any one of the axes, we obtain a left-handed system, whilst if we 
reverse the direction of two of the axes simultaneously the system 
remains right-handed. We shall always employ a right-handed 
system of axes, 


2. Distance between two points 


In Fig. 2, draw PL and QM perpendicular to the OXY plane, 

intersecting it at L and MW. Next draw PN in the plane PQML 

perpendicular to QM. Finally, draw LS and MS in the OXY 
Zz 
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plane parallel to OY and OX respectively. Then PNQ and LSM 
are triangles with right angles at N and S respectively. Hence 


PQ = PN? + NQ? and PN? = LM? = LS? + SM. 


But 
SM = ty — 2g = tg — x, = tq — api 
IS = Ys — t= yy — yp = Yq — YP 
and NQ = zg — zy = zo —z 
1 Q p+ 
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Thus 
PQ? = (xo — tp)? + Ye — YPF + FQ — Zp)*. (2.1) 
In particular, the distance of P from the origin is v: Tp F yp? + zp 


Example 1. Calculate the distances between the following pairs of points: 
(i) (1, 2, 3), (13, 6, 6); (ii) (— 1, 0, 2), (2, — 1, 3); (iii) (@, 1, 4), (l, — & 34). 


3. Joachimsthal’s section formula 


We often require the coordinates of the point P which divides 
the line joining A and B in the ratio AP: PB = air. In Fig. 3, 
draw AL, BM and PN perpendicular to the OXY plane. Their 

Zz 


L 


x 
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Points of intersection L, M and N with that plane are collinear. 
Now draw AST in the plane APBMNL parallel to LNM. 
From the similar triangles ASP and ATB we have 


SP:7B = AP:AB = 0:(0 +7). 


Thatis, (zp — z4): (ep — 24) = 0: (0 + 7). Likewise, we obtain equa- 
tions in x and y. Solving these equations we have Joachimsthal’s 
Section formulae. 

_ Thy + otp, ada, gas aR, (3.1) 


t+o ’ ae tT+o T+o 


tp 


These formulae also apply when P lies outside AB, in which case 
the ratio o:7 is negative being numerically greater or less than 
unity according as B lies between P and A or A lies between P 
and B respectively. The ratio o:7 never equals — 1 for any finite 
position of P. 


4 ANALYTICAL QUADRICS 


If the point Q divides AB in the ratio — o:7 then we say that P 
and Q are harmonic conjugates with respect to A and B. It follows 
that the coordinates of Q are given by 


TL — OX, TY 4 — Gl T24 — OZ 
zo A B, Yo Ya YB. tg = A B, (3.2) 
aÁ TAG Tg 


Example 2. Show that the coordinates of the mid-point of PQ are 
(k(%p + XQ), iYe + Ya)» (Ze + %q)). 


Example 3. In what ratio does the point (1, 0, — 3) divide the join of 
(— 1, — 2, 3) and (2, 1, — 6)? 

Example 4. P and Q are harmonic conjugates with respect to A and B and 
AP:PB =l. Show that (1 — I?)PQ = 2AB. 


4. Direction-cosines 


The direction-angles of the directed straight line PQ are defined 
to be the angles «, 8 and y which the line OR, through the origin 
parallel to PQ and having the same sense (as indicated by the 
arrows in Fig. 4), makes with the positive directions of the coordinate 
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axes. Draw parallels through P to the axes and drop perpendiculars 


to them from Q. (In Fig. 4, only the parallel PAI to the y-axis i 
shown.) It follows that 


to — tp = PQ cosa; Yo — Yp = PQ cos f; zg — zp = PQ cos Y- 


The cosines of the directio: 


j n-angles are called direction-cosines. 
We introduce for 


brevity the notation l= coso, m = CoS B, 
n = cos : nai : ee 
cos y and refer to the direction [l, m, n], meaning the direction 
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specified by the direction-cosines l, m and n. The direction-cosines 
of PQ are thus 
1 To — Xp, Yo — YP. Zo — =p (4.1) 


m > n= >=> 
PQ ’ PQ 


and in virtue of (2.1) they satisfy the equation 
P+ m+ n?=1. (4.2) 
We note that the direction-cosines of QP are [— l, — m, — n). 


Example 5. Calculate the direction-cosines of the lines joining the following 
pairs of points: (i) (3, — 1, 1), (2, 1, — 1); (ii) (6, 2, — 4), (— L — 2, 1). 


5. Direction-ratios 
Three numbers p, q, 7 proportional to the direction-cosines l, m, n 
of a line are called direction-ratios. There exist two solutions for 


l, m and n of the equations I:m:n = p:q:r and [? + m? +n? = L 
namely, 


l= 4 e m= + ; 
Vp + e+ Vp tet? 


r 


=E aAA 
A al a 


n > (5.1) 


where the signs are all positive or all negative. That is, three 
numbers proportional to the direction-cosines specify the same direc- 
tion but do not indicate a sense along it. We write for brevity 
{, q, 7} to indicate the triple of direction-ratios p, g and r. 

By (4.1) the direction-ratios of the straight line PQ can be taken 
as the triple {tq — Xp, Ye — YP že — zp}- 

Example 6. Calculate the direction-cosines corresponding to the direction- 
ratios {3, — 4, 12}. 


6. Angle between two straight lines 


In space two lines need not lie in the same plane. In that case 
the lines are said to be skew to one another. The angle between 
two skew lines is defined to be the angle between the parallels 
through any point to the given skew lines. Accordingly it suffices 
to calculate the angle 0 between the two straight lines through the 
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origin with direction-cosines [/,, m, %4] and [J,, Ma, na]. Let P and 
Q (Fig. 5) be the points along these lines at unit distance from the 


z 
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origin. Then P= (l, m, m) and Q= (l, Ma n). Further 
PQ? = OP? + 0Q2 — 20P . OQ cos 0. Hence 
( — la)? + (my — ma)? + (ny — n)? = 1 + 1 — 2 cos 0. 
In virtue of (4.2) we obtain 
cos 0 = lils, + mmg + nyng. (6.1) 


Tf the two lines are specified by the direction-ratios {p,, g1, 7} and 
{Po Yo) Ta}, it follows from (5.1) that 


cos 0 = + PrP2 + VIe + Tio i (6.2) 

Vip? Hn? + 74?) po? + go? + re) 
Note that (6.1) yields a unique angle in the range 0 < 0 < 7 for 
the angle between two directed lines, whilst (6.2) does not differ- 


entiate between the acute angle the two lines make with one another 
and its supplement. 


By means of Lagrange’s identity 


(1? + m? + m’) + Mè + nè) — (Lla + MiMe + nna)? 
= (mm, — mam)? + (ml — ngh)? 4 (Lm — lam,)? (6.3) 


and (4.2) we deduce that 


sin? 0= (mna pr man)? + (ml, = Nol)? a (Lm, E lam)? (6.4) 
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with the corresponding result for direction-ratios in the form 


sin? 0 (hire = any) = (Pa = reps) + (Pite iai PA)? (6.5) 
(py? + gi? + rP? H ae" +r) 


Hence two straight lines are mutually orthogonal if and only if 
PaPe + hle + "2 = 0 (6.6) 
and are parallel to one another if and only if 
D/P. = Ud = "le (6.7) 


This latter deduction is obvious by the definition of a direction- 


ratio. 
We often require the direction-ratios {2, u, v} of the line ortho- 


gonal to two given lines with the direction-ratios {p,, q1 7} and 
{Pos Yas ra} By (6.6) we have 


pat du + ny = 95 Dod + qu + rw = 0. 


Thus 
Ahr. — qarı) = LIP — rp) = vi Pi — Poh) 


and so the required direction may be taken as 
{qira — Ifo 11P2 — T2Pv Prd. — Por} (6.8) 


Example 7. Calculate the angle between the straight lines joining the points 
Az=(-1, -2 l) B= qa, — 1, — 3) and the points C = (0, — 1, — 2), 
D=(-1, 1, — 1) Further, obtain the direction-cosines of the straight line 
which is perpendicular to these two straight lines. 


7. Projections 

Let: Pi, Pans a By pe n points in space. Then it follows 
immediately from a diagram that the sum of the projections of 
P,P. PaPa + Ppa P,, on any straight line is equal to the 
projection of P,P, on that line. 

We wish to calculate the length of the projection of PQ on the 
line whose direction-ratios are [l, m, n]. In Fig. 6 draw PR parallel 
to the x-axis and QS parallel to the z-axis. RS is the intersection of 
the plane through PR parallel to OXY and the plane through QS 
parallel to OYZ and so RS is parallel to the y-axis. 

We have PR = tọ — tp; RS = Yq — Ype and SQ = zg — 2s: 
The projection of PQ is equal to the sum of the projections of PR, 
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RS and SQ on the line with direction-cosines [l, m, n]. Hence the 
required projection is 


(xg — xp) + m(yg — yp) + n(zo — Zp). (7.1) 


2 
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Example 8. Calculate the projection of AB on the straight line CD and of 
CD on the straight line A B, where A, B,C and D are the points of Example 7. 


Miscellaneous examples 


1. Show that the straight lines joining each vertex of a tetrahedron to the 
centroid of the opposite face and the straight lines joining the mid-points of 
opposite edges are all concurrent. 

2. Show that the straight lino which is equally inclined to the three co- 
ordinate axes makes an angle tan-1V7 with each axis. 

3. Calculate the angle between any two diagonals of a cube. 

4. Show that the four points (a, b, c), (b, c, a), (c, a, b) and (a+b +c, 


a + b+c, a+b +c) form the vertices of a regular tetrahedron if be -+ ca 
+ab= 0. 


Answers 
1. (i) 135 (ii) VIT; (iii) V342 + 1). 3. 2:1. 5. (i) [— 1/3, 2/3, — 2/3]; 
(ii) [— 7V10/30; — 2V10/15, VI0/6]. 6. 4: (3/13, — 4/13, 19/13). 7. 
cost (2V'14/21), + [9/V TIO, 2/VTI0, 5/V110]. 8. 4/V0, 4/V 21. 
Miscellaneous example, 3, cos~!(1/3). 


CHAPTER II 
PLANE—STRAIGHT LINE 


8. Equation of a plane 

Consider the plane A BC (Fig. 7). Let the perpendicular ON from 
the origin to this plane be of length d and have direction-cosines 
[l, m, n]. The coordinates of N are (dl, dm, dn). Select any point 


z 
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P = (a, y, z) in the plane ABC. Then the direction-ratios of PN 
are {x — dl, y — dm, z — dn}. But PN and ON are mutually 
orthogonal and so [(« — dl) + m(y — dm) + n(z — dn) = 0. In 
virtue of (4.2) the coordinates of any point on the plane satisfy the 
linear equation 

lx + my + nz —d=0. (8.1) 


Conversely, consider the general linear equation 
de + uy + vz +p =0, (8.2) 


where A, u and v are not all zero. 
Let A and B be any two points on the surface F given by equation 
(8.2). Then 


iza + uya + 024 +p =0; Mey + yn + 2p +p =O. 
9 
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It immediately follows that 


4 (2 + ae i j (mt as) ses (= elit Bs) + p=0. (8.3) 
THE Tig t+ 


From (3.1) we now see that all points of the straight line AB lie 
on F. But A and B are arbitrary and so the surface F is such that 
the line joining any two points on it lies completely in the surface. 
That is, F is a plane. Consequently, a linear equation always 
represents a plane. 

By comparing (8.1) and (8.2) we see that {2, x, v} are the direction- 
ratios of the normal to the plane. 

There are three effective constants, namely the ratios Z: uY: p 
in equation (8.2). Therefore, a plane is in general determined by 
three conditions. 

For example, the plane which intercepts distances a, b, and ¢ 
along the respective axes passes through the points (a, 0, 0), (0, b, 0) 
and (0, 0, ¢). Accordingly its equation is 


= ee al (8.4) 
@ b «6 


To obtain the equation of the plane PQR, we eliminate 4, i? 
and p from equation (8.2) and the three equations obtained from it 
by the fact that P, Q and R lie on this plane. The result can be 
expressed in the determinantal form 


ec y z 1|=0 or 


tp Yp tp 1 


Z—tp yYyY-Yp z—zp |=0. 


Tp—%XQ Yp—Yq zp = Za 


To Yea žo 1 To — ir Yo — Yr žo —?R 


tR Yr zp 1| (8.5) 


Example 1. The equatio 


A x n of the plane through A such that its normal 
has direction-ratios {A,p, 


vyis Aw — x4) + WY — ya) + Wz — z4) = 0- 


Show that the four points (1, 2, — 1), (2, — 1, 3), (— 1, 1, 2) 
are coplanar. 


Example 2. 
and (3, 3, — 4) 


9. Equations of a straight line 


Consider the straight line tl 


hrough A (Fig. i irection- 
sh Eom Fo roug! (Fig. 8) with direction 


(x, y, z) is any point on this line, its 
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direction-ratios are also {~ — x4, Y — ¥4,% — Z4}- Consequently the 
equations of the straight line are 

wey. Ys _ a (9.1) 

l m n 

z 
7 
A 
g y 


i 
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Setting each of these fractions equal to t, we obtain the parametric 
equations 
=z + lt; y=ya tm, z=24+ nt. (9.2) 
That is, the point (x4 + lt, Y4 + mt, z4 + nt) lies on the line for all 
values of ¢. Since 
(œ — a4)? + (y — ya? + — 24)? = (P + m? + ne, 
it follows that ¢ is the distance between the variable point P and 
the fixed point A if l, m, n are direction-cosines. 
If a straight line is specified by two points A and B, its direction- 
ratios are {tp — t4 Yg — Ya Zp — Ža} and so its equations are 


Se Y— Ya oa (9.3) 
gg — 24 Ye—Ya tn ŽA 


or in parametric form 
x= (l — ijxg + ttg; y= (1 — tya + tyg: == (1 — t)z4 + tap. 
(9.4) 
A straight line is the curve of intersection of two planes. Hence a 
straight line can also be given by the pair of linear equations 
Ae + my +2 + pr = O, 


O5 
Rat + fey + M22 + po = 0. (9) 
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This straight line is orthogonal to the normals to the two planes. 
These normals have direction-ratios {A,, z, v;} and {As, Hz Va- 
Accordingly, by (6.8) the direction-ratios of the straight line (9.5) 
are {102 — HoV, Vle — Pai, Žito — Aap}. Tn order to rewrite the 
equation of the line in the form (9.1) we need the coordinates of any 
one point A on it. For example, we may select z = 0 and solve 
(9.5) for the corresponding values of x and y. This selection is 
always possible if the line is not parallel to the OXY plane. In this 
exceptional case, take either x = 0 or y = 0, ete. 


Example 3. Verify that the equations (9.5) of a straight line are equivalent 
to 


Z = (Pata — putts) (Arts — Ast) _ y — (pide — poi (Artes — Aster) 


HW — [oy hy — Vahi 
T e = Aan 
Example 4, Prove that the straight lines a — dy + 7 = lly 4-2 -++2=0 
and x — 8y — 5 = 3y — z 


z + 1 = 0 are orthogonal. 


10. Straight line and plane 


The value of ¢ which corresponds to the intersection of the straight 
line 


pimai” YOu 8 By 


=1 (10.1) 
l m n 


and the plane 
Ax + uy +92 -+p=0 (10.2) 
satisfies the equation 


Meg + Ue) + uliya + ml) + va + nt) + p=0. 
That is, 


MAF um + om) + daca + uya + 024 +p =0. (10.3) 


If al F pn + m = 0, then the direction {2, m, v} is perpendicular 
to the direction {1 m, n}. Thus the straight line (10.1) is perpendi- 
cular to the normal to the plane (10.2) and so the straight line 


(10.1) is parallel to the plane (10.2). In this case equation (10.3) 
has no finite root, 


If, in addition, Ax r 
plane (10.2), Accor 
(10.2). In this case 

The angle betwee: 


+ Uya + 24 +p =0 the point lies in the 
dingly the line (10.1) lies completely in the plane 
equation (10.3) reduces to an identity. 

n a straight line and a plane is defined to be the 
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complement of the angle between the straight line and the normal 
to the plane. Thus the angle 0 between the straight line (10.1) and 
the plane (10.2) is given by 

sin 0 = (Al 4- pm -+ yn)[V (È 4 m? 4 n2)(22 H uè 9). (10.4) 


Consider the determinantal equation 


w= ka Y= Ya 2—%y 0. 
i My ny (10.5) 
l Ma Nna 


Tt is linear in v, y and z and so represents a plane. The point A 
clearly lies on this plane and further the straight line 


@ — ay lh = — Yam = (z — za) 
lies in the plane because the substitutions 
x — xta = ht; Y — Ya = Mt; 2 — z4 = Mt 
make the determinant identically zero. Similarly the line 
(x — x4)/lo = (Y — Ya)|M2 = (2 — z4) 
also lies on the plane. Hence (10.5) is the equation of the plane 
which passes through A and contains lines through A with the 
directions {1,, My, 24} and {ly, mg, na}. 
Example 5. Show that the plane through AB parallel to the straight line 
(x — a)/l = (y — B)/m = (z — 7)[n is given by 
@—% Y-Ya @—-% | =O. 
tM =% Ys Ya te 24 
l m n 


Example 6. Obtain the point of intersection of the plane 2x -+ 3y — 4z 
-+ 5 = 0 and the straight line (x — 1)/2 = (y — 2)/3 = (z — 3)/4. 


11. Sign of the expression u = Av + uy + yz + pẹ 

Let the straight line AB cut the plane u = 0, at P, where 
AP:PB = g:r. Then the coordinates of P are given by Joachims- 
thal’s section formula (3.1). Since P lies on u = 0 equation (8.3) 
is satisfied. Hence 


kd day + Uya +a tp Wwa tayj 
m Jey + He + Vy +p Ray 
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If u4 and up have the same sign, the ratio o:7 is negative and so 
P lies outside AB. Accordingly A and B lie on the same side of the 
plane u = 0. If, on the other hand, u; and up have opposite signs, 
the ratio o:7 is positive and so P lies between A and B. Tn this case 
A and B lie on opposite sides of the plane u = 0. 

Thus the plane w = 0 divides space into two regions, such that 
u > 0 in one of them and w < 0 in the other. 


Example 7. If p> 0, show that the origin and the points (A, p, v), 
(u — 9, » — 2, 2 — n) all lie on the same side of the plane Ax + py -+ vz +p 


12. Distance from a point to a plane 


We wish to calculate the perpendicular distance d from the point 
P to the plane u = Jx + uY +vz2+p=0. The straight line 
through P perpendicular to this plane is 


(z — xp)/à = (y — Yp)|u = (z — zp)/v. 


Hence the foot N of the perpendicular from P to this plane has the 


coordinates (xp + At, yp + Ht, zp + vt) for some value of t. Since 
N lies in the plane u = 0, we have 


Aep + 24) + wlyp + ut) + v(zp + vt) + p=0 
and so 


t= — (dtp + HYp + zp + p)|(A2 + u? + 1°). 


Further, PN? = (2? + u? + 1?)t? and we obtain 


d= PN = 4 ĉe t Mp + mete (12.1) 
V 4 up 


We make the convention that the sign be taken in such a way that 


the perpendicular from the origin is positive. By the previous 
section it follows that d is positive for all points on the same side 


of the plane as the origin, and negative for all points on the other 
side of the plane, 


Example 8. Fi a yhose 
Aia noe Pa locus of a point the sum of the squares of whos 


$ ji e ety tz=02—yt+2=0,24+y—-2%= 

s tl i ' the origi l 

is three times the Square of its distance from the origin. 

Exa i i 

B api pia two points on the straight line (x + 2) = — (y + A 
3 “) Which are at unit distance from the plane æ + 2y — 22 + 3 =" 
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13. Pair of planes 
From the equations 


H fay + 42 + pi = 0, 
H flay + M2 + pe = 0, 


of two planes we may set up the equation 


ou, + TU, = 0. (13.1) 


This equation is linear in v, y and z and is satisfied by the solution 
of the equations u; = u = 0. Accordingly (13.1) represents a 
plane passing through the line w, = ua = 0. As the ratio o:7 varies, 
equation (13.1) represents all the planes through this common 
straight line, called an axis. We also say that the planes form a 
pencil of planes. 

If the planes u, = 0 and u = 0 are parallel, we have 2,/2 = 
lalita = 14/2 and so ov, + 7U,=0 represents all the planes 
parallel to u, = 0 or tg = 0. 

The angle between two planes is defined to be the angle between 
their normals. Consequently the angle 0 between the two planes 
wù = 0 and us = 0 is given by 


cos 0 = (Aifa + Hitto + vwa) / V (Ae F a H ne + è + we). 
(13.2) 


Accordingly the two planes are orthogonal if 
Aydg + killo + Yw = 0. (13.3) 


Example 10. Find the equation of the plane through the straight line 
(æ — 1)/2 = (y + 1)/— 1 = (z — 3)/3, (i) perpendicular to the plane 8a — 2y 
-+ 92 + 6 = 0; (ii) parallel to the straight line x = y = z. 


Example 11. Obtain the condition that the three planes Aw + py -+ vz = 0, 
Hæ +- vy + Az = 0 and vx + dy + uz = 0 have a straight line in common. 


14. Bundle of planes 
Consider three distinct planes u, = 0, a = 0 and uw, = 0 and set 
up the equation 
OU, + Tig + Kig = 0. (14.1) 
This equation is linear in v, y and z and is satisfied by the solution 


of the equations ty = Ug = U3 = 0. Thus (14.1) represents a plane 
passing through the point of intersection of u, = 0, u, = 0 and 
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uz = 0. As the ratios o:7:« vary, equation (14.1) represents all the 
planes passing through this point of intersection, called the vertex. 
We say that the planes form a bundle of planes. 

A more detailed discussion of all the special cases which may occur 
is given later in $55. 


Example 12. Show that the four planes ay + bz +c = 0, ax — dz — e 
= 0, bx + dy — f = 0 and cx + ey + fz = 0 have a straight line in common 
if af — be + cd = 0. 

Example 13. Show that the four planes x + 2y — 4z + 9 = 0, 3x — y 
+z—6=0, 2 +y+z—3=0 and 7x — 2y —4z—l=0 have a 
common point. 


15. Shortest distance between two skew lines 


The shortest distance between a point and a straight line is the 
perpendicular to it from the point. Consequently the shortest 
distance between two skew lines is along the line which is perpen- 
dicular to both of them. 

Let the straight lines be 

P24 U= ya 2 


l m on 


(15.1) 


and 


Eep iY Up = Sp (15.2) 
Pp q r 


By (6.8) the direction of the common perpendicular is {mr — n4» 
np — lr, lq — mp}. The corresponding direction-cosines are 


[(mr — ng)/k, (np — lr)/k, (lq — mp)/k] 
where 


k? = (mr — ng)? + (np — lr)? + (lq — mp)?. 


The shortest distance d is the projection (Fig. 9) of AB on the 
common perpendicular. From (7.1) 


a= {( 


we now obtain 
Ta — tp)(mr — ng) + (Wa — Yz)(np — lr) 


; 24 — zp)(lq — mp), 
or in determinantal form Tia ania 


d= aeia Yai z4 — zp | + VElmr — ng}. 


l m n (15.3) 
P q r 
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Let the shortest distance intersect the straight lines (15.1) and 
(15.2) at P and Q respectively. Then the shortest distance PQ is the 


A 


Fie. 9 


line of intersection of the planes APQ and BPQ. In virtue of 
(10.5) the equations of the shortest distance are 


=0. 


Bay Y— Ya 2-24 t—%p Y—Ygr %—%R 
l m n P q " 
mr — ng np — lr lq — mp mr — ng np — lr lg — mp 


Example 14. Calculate the length and obtain the equations of the common 
perpendicular to the two straight lines. (i) (x — 4)/2 = (y — 5)/3 = (z — 6)/4 
and @+1l=y+2= (z + 3)/3; (ii) 3e+y+2—-1=e2+y—2-1 
= land x + y + z = 3w + y + 6z — 19 = 0. 


16. Coplanar lines 


Tf the two straight lines (15.1) and (15.2) are coplanar, they are 
either parallel or intersect. In the former case Ip = mjg = nfr 
whilst in the latter case the shortest distance between them is zero. 
Hence by (15.3) 


t4 — tg Ya— Ys Za — Žr |=0. 
l m n (16.1) 
P 4 r 
Note that this determinant also vanishes when the lines are parallel 
and so (16.1) is the necessary and sufficient condition that the two 
lines are coplanar. 


Example 15. Show that tho straight line through (a, f, y) with direction- 
ratios {1, m, n} is coplanar with the straight line through (l, m, n) with direction- 


ratios {a, B, y} 
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17. Rectangular axes related to two skew lines 


Let PQ = 2c be the shortest distance between the two skew lines 
PA and QB (Fig. 10). Select the origin O at the mid-point of PQ 


g A 
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and draw parallels OA’ and OB’ to PA and QB respectively. Select 
the bisectors of the angles between OA’ and OB’ as the x-axis and 
y-axis according to the figure. Finally select the z-axis along OP. 
We have P = (0, 0, c) and Q = (0, 0, — c). The direction-cosines 
of PA are [— sin g, cos %, 0] and of QB are [sin «, cos v, 0] where 


2 is the angle between PA and QB. Hence the equations of PA 
and QB are 


v y z—c å zre 
sing = Od ee fn 
a cose 0 sing cose 


Putting k = cot %, We may write these equations 


y= — kr, z=c and y=% = —c. (17.2) 


R meee, 16. A and B are fixed points of two skew lines AL and BM. 
and) lie on AL and BM respectively. Obtain the locus of the mid-point 0 


RS if (i) AR = Bs. (ii) AR P 2T t; 
i = + BS is » (i 21 BS? is constant; 
(iv) AR. BS is constant, is constant; (iii) AR? + BS? is 


i Miscellaneous examples 
Pea Aint the point in which the line AB is intersected by the pet 
i T to it from the origin is (Malye? + za?) + xp (ya? +d za") — a 
a) Vall + zazp)]/AB?, ete.). ee P i 
2. Provet i i i 
on ie hat the distance p of the point P from the straight line AB 18 
B= Fa = yen —2,) — (2, — za)(yp — ya)}*/AB*. 
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3. Show that the mirror image of the point A in the plane Ax + py + vz 
-+ p = 0 has coordinates ([(e? + v? — A2)ay — Apya — 2Avz4 — 2Ap](A? + pe 
+ v*), etc.). 

4. Outline a method to obtain the equations of the mirror image of a given 
straight line in a given plane. 

5. Show that the equations of the orthogonal projection of the straight line 
(e — ay)/l = (y — yalm = (z — za)/n on the plane u = Ae 4 py + vz +p 
= Oare 

aa (£ a r ( Le Fs (1-2) 
m n l ' in l m l m n 

6. If ax? + by? + ez? + 2fyz + 2gzx + 2hxy = 0 is the equation of two 

planes intersecting at an angle 7/3, prove that 
4(f? + g? + h?) = 3(a? + b? + c*) + 10(be + ca + ab). 

7. If the perpendiculars from a variable point on two fixed non-intersecting 
straight lines are orthogonal to one another, prove that the locus of the point 
is represented by an equation of the second degree. 


8. Prove that the equation 
a(z — x)(x — y) + bæ — yy — 2) + ely — 2) — 2) = 0 
represents two planes whose line of intersection is equally inclined to the three 
coordinate axes. 


9. Prove that the volume of the tetrahedron joining the origin to the points 
A, Band C is 
4] ta Ya 2a | 
g Ye *B 


To Yo Žo 


Answers 
6. (5/3, 3, 13/3). 8. 3(x? +y? + 2°) +yz +æ + ay =0. 9. (— 14, l, 
— 6)and (— 8, — 1, — 2). 10. (i) 3x — by — dz + 3 = 0; (ii) 4e — y — 3z 
+4=0. 11. 24 9 +»? — 3u = 0. 13. (1, — 1, 2). 14. (i) V30/15, 
5x + 22y — 192 — 16 = ba + 16y — Tz + 16 = 0; (ii) 17/V59, 17s + 8y 
+z — 62 = 27x + 37y + 122 + 95 =0. 16. (i) straight line; (ii) straight 
line; (iii) ellipse; (iv) hyperbola (see worked out solutions, p. 117). 


CHAPTER III 


SPHERE 


18. Equation of sphere 


If P = (x, y, 2) is any point on the sphere (Fig. 11) with centre 
at C and radius r, we have 


(x — to)? + (y — yo)? + (2 — zo)? = 7, (18.1) 


z 
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which can be written 


a y® 4 22 aga — Wo 


2— 0, 
Y — zoz + xe? + Yo + zg? — 7 
We see that: 


(1) this equation is quadratic in v, y and z; 

(2) the coefficients of x, y2 and 2? are equal; 

(3) the coefficients of Yz, ze and ay are zero. 
Conversely, 


bate hree 
the most general equation satisfying these t 
conditions is 


8.2) 
am + ay" + a2? + Ope 4 yA Ore + d = 0. (a #0) 0 
We may write this equation in the form 


(« + pja)? ++ gla)? + (z + rja)? = (p? + g? +r? — ad)/a*, 


20 
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which shows by comparison with (18.1) that it represents a sphere 
with centre at the point (— p/a, —g/a, — rja) and radius 
Vp? +? +7? — adja. The centre of this sphere is always a real 
point (a, p, q, r and d being real), but its radius is real if and only if 
r*+ q +r? > ad. If p? -+q +r? =ad, then there is only one 
real point (— p/a, — qla, — rja) on the sphere, and we refer to it as 
a point-sphere. If p? + q? + r? < ad there are no real points on 
the sphere (18.2) and we call it a virtual sphere. 

There is no loss in generality if we take a = 1, and so the standard 
form of the equation of a sphere will be 


F =x + yt 2+ 2px + 2qy + 2rz+d=0. (18.3) 


The radius of this sphere is Vp? + @ + 7? — d and its centre is 
at (=p, -g =n. 
In a problem, if possible, select the origin as centre and the 


simpler equation 
etyt2—r=0 (18.4) 


now represents a sphere with radius 7. 
Example 1. Find the equation of the sphere with centre at (— 2, 3, — 1) 


and whose radius is 3. 


Example 2. Obtain the coordinates of the centre and the radius of the 
Sphere represented by 62% + Gy? + 6:2 + 10x — 8y + 2z + 1 = 0. 

Example 3. Obtain the equation of the sphere through the four points 
(1, — 1, 0), (2, 3, — 1), (0, 1, — 2) and (— 1, 2, 1). 


Example 4, Show that the equation of the sphere having AB as a 
diameter is (x — x, )(® — 84) + (9 — YY — Ya) + (7 — ZaN(Z — Bx) = 0. 


Example 5. If F(x, y, 2) =a? + y? + 2? + 2px + 2gy + 2rz + d, show 
th at F(x, Yp, zp) is the square of the length of the tangent from P to the sphere 
F = 0. Hence the point P lies inside or outside the sphere according as 
Flep yp, 2p) is less than or greater than zero respectively. 

Example 6. Show that the equation a(x? + y? + 2%) + 2px + 2gy + 2rz 
+d + k(de + uy + vz -+ p) = 0 represents a sphere through the circle 
ale? + y3 4 22) 1 Ope + Qgy + 2rz +d = Je + uy + rz + p= 0. 


19, Conjugate points 
Consider the two points A and B which do not lie on the sphere 


F,y,2)=F= 
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Then the coordinates of the point P which divides AB in the ratio 
o:7 are given by (3.1). If this point lies on the sphere, we have 


(2 + Oty Wat OYg Tey + a) 


0. 
THO Tro tp ë 


On multiplication by (7 + c)?, this equation simplifies to 
PP + 2roT ap + Fy = 0, (19.2) 
where 
Pa = FPO Ya z4); Fp = Flay, yp, 2p) 
Pan = Tga = Tatre + YB + Z4Zg + Plta + tp) 
+ alya + Yp) + rla + 2g) +H” 
Equation (19.2) is called Joachimsthal’s quadratic equation and 


its roots correspond to the two points of intersection P and Q 
(Fig. 12) of A B and the sphere, 
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Two points A and B are said to be conjugate with respect to the 
sphere if the points of intersection P and Q divide A and B har- 
monically - In this case the roots of the quadratic equation (19.2) 
in o/ are equal in magnitude but opposite in sign. That is, the sum 
of the roots of (19.2) is zero. Accordingly, the necessary and suffi- 


cient condition that the points A and B be conjugate with respect 
to the sphere (19.1) is Ty, = 0. 


Example 7. For what values of 2 are the points (— A, 2, A), (4 2, a 
conjugate with respect to the sphere x? + y? + z? — 6r + 2y — 42 + 4=0- 
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20. Pole and polar 

The polar of a point A with respect to a sphere is defined to be 
the locus of all points conjugate to A. The point B is conjugate ` 
to A with respect to the sphere (19.1) if 74 = 0. The locus of B 
is obtained by allowing the coordinates xz, Yp, Zg to become variable; 
this is achieved by omitting the suffix B. We then find that the locus 
is given by 


Ta = (x4 + ve + (ya + Oy + (za + 


H pts + Wa + 724 4 d=0. (20.1) 


This equation is linear in x, y and z and so the polar of a point A 
is a plane which is perpendicular to the join of A and the centre of 
the sphere. 

Conversely, the pole of a plane is defined to be that point whose 
polar is the given plane. Let us now obtain the coordinates of the 
pole A of the plane Av + uy + rz +p = 0. The polar of A is 
given by (20.1), which must then represent the same plane as 
Ae + uy + vz + p= 0. The comparison of coefficients yields 


tat p =k; yet qanes tbr = kr 
pt, + Wa + rg + d= Kp; 


where x is some factor of proportionality. The solution for %4, Y4 
and z4 may be found but the formulae are too cumbersome to be 
quoted. The reader is advised to use the method of this section in 
relevant examples. (However, compare §62.) 

We note that if the sphere is 22 + y? +2 = 1°, then the two 
Points A and B are conjugate if x4tg + Yas + 228 = the 
polar of A is the plane x42 + yay + 242 — 1° = 0 and the pole of 
Ae + KY +z +p=0 is at the point (— 4r*/p, — ur?lp, — ”°lp). 

Example 8. Write down the equations of the polars of the points (1, 2, 


z D, (3, 5, — 2) and (0, 4, — 4) with respect to the sphere xy? + 2? 
= 8% + y +2 —5 = 0 and show that they form a pencil of planes. 


Example 9. Obtain the coordinates of the poles of the planes 2x + 2y — a 
7=0, 4z +z—3= 0 and 5x — y + 3z — 8 = 0 with respect to the 
Sphere g? +y? + 22 — da + 2y — 22 = 0, and show that they are collinear. 


21, Tangent plane and normal line 


Let us return to Joachimsthal’s equation (19.2), whos 
correspond to the points of. intersection of AB and the sphere 
3 


e roots 
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(19.1). Suppose A now lies on the sphere (Fig. 13); then F4 = 0. 
The line AB now cuts the sphere in coincident points at A if (19.2) 


B 
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has coincident roots o/7 = 0. Therefore Tap = 0 if B lies on & 
tangent line at A. Hence the locus of B such that AB is a tangent 
line is the plane 7'4 = 0, called the tangent plane. It is identical 
in form with (20.1) which gives the polar of A and so the pole of a 
tangent plane is at its point of contact. 

We now ask: “What is the necessary and sufficient condition 
that the plane Ax + py + vz + p = 0 bea tangent plane?” In this 
case the perpendicular distance from the centre (—P, — 4 — r) is 
equal to the radius Vp? + q? + 72 — d of the sphere. Thus the 
necessary and sufficient condition that Ax + uy + vz + p = 0 bea 
tangent plane is 


(Ap + ug + vr — p)? = (22 + JE + Pp + G+ 12 — d). (21.1) 
If the sphere is a? + y? + 22 — 72 = 0, the tangency condition 
(21.1) simplifies to T?(4? + u? + 7?) = p. 


The normal is the straight line perpendicular to a tangent plane 


at its point of contact. Consequently the equations of the normal 
at A are 


G4 HU Bie 
ty +D Yytq zg+r 


We readily verify that the centre (— p, — q, — r) lies on every 
normal. 


——— 
4 able 10. Show that the plane z = Ix + my + rye m + 1 
ouches the sphere a? 4 43 + 2° — 73 for all values of l and m. 


Example 11. Obtain the equation of the spheres which pass through tho 


circle x? 2 
EEE A ra 2 = 13 =% +y +z — l= 0 and touch the plane 2s + 3y 


| 
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22. Angle of intersection of two spheres 

The angle of intersection of two spheres is, by definition, the angle 
between the two tangent planes at a point of intersection. It is a 
geometrical fact that this angle is the same at all points of the circle 
of intersection. If this angle is a right angle the two spheres are 
said to cut orthogonally. Then at a point of intersection the tangent 
plane to either sphere passes through the centre of the other. It 
follows that the square of the distance between their two centres is 
equal to the sum of the squares of their two radii. Let us write 


Fae ty tet pet gy + ret di (22.1) 


Then the two spheres F, = 0 and F, = 0 cut orthogonally if 


(py — Pa)? + (G1 — 2)? + (ri — ra)? 
=(p2+q2 +1 —&) + (po? + gè + r? — da). 


That is, 
2p, Pa + 209o + rire — d, — d, = 0. (22.2) 


Example 12, Calculate the angle of intersection of the two spheres 
apy tz — aw H+ 3y+2—-1=0 
and at +y? +z? + be — 2y—z-9=0. 


23. Radical plane 

The square of the length of the tangent from P = (x, y, z) toa 
sphere is equal to the square of the distance from P to the centre of 
the sphere minus the square of the radius of the sphere. That is, the 
square of the length of the tangent from P to the sphere F; = 0 
is (x + p)? + (y+ a)? + @ +7) — (p? + g? tr? — di) = Fy. 
Accordingly, the locus of points P = (x, y, 2) from which the tangents 
to the spheres F, = 0 and F, = 0 are equal is given by 


F, — F, = 2(py — po)t + 2(qı — a) 
+ 2(r, — Ta) + dı — d = 0. (28.1) 


This equation is linear and so represents a plane, called the radical 
plane of the two spheres. The direction-ratios of the normal to the 
radical planes are {pı — Po %1 — lo 71 — rg}, and so the radical 
plane is orthogonal to the line joining the centres of the two spheres. 
The radical plane obviously passes through any common points 
the two spheres may have. 
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Let us introduce a third sphere F;=0. Now we have three 
radical planes F, = F}, F, = F, and F, = F,. These three planes 
form a pencil whose axis is the straight line F, = F, = F, This 
line is called the radical line of the three spheres. : 

Now add a fourth sphere F, = 0, and we have four radical lines 


P,=F,=F, F= F= F, F,=F, = F, and 
F,=F,= F, 


These four lines are clearly concurrent at the radical centre given 
by the three linear equations F, = F, = = Fe 


Example 13. Show that the locus of a 
may be drawn to the three spheres x? + 
wy? + 22+ Be y —z + 2 = and 
is the straight line 2a +- 1 = 23 +1=— 


point from which equal tangents 
-y +2 — æ+ y — 3z +l = 0, 
s+ By +z 4+3=0 


24. Coaxal spheres 


Consider the two spheres F, = 0, F, = 0 and set up the equation 
F, + kF, =0. (24.1) 


Except for k= — 1, which corresponds to the radical plane of 
F, = 0 and F, = 0, equation (24.1) represents a system of spheres. 
The radical plane of the two distinct spheres corresponding to 
k = k, and k = hy (k, 4 ka) is 


(Pi + EPA E k) — (Pa + kPa) + ko) = 0. 


This equation reduces to F, — F, = 0 and so (24.1) represents 7 
system of spheres, called a coaxal system, with a common radica 
plane. The centre of the sphere (24.1) is at the point 


(—(.+ kp +h), — (q + kq) + k), 
— (r + kral +). CE2 
Therefore, by (3.1), the centres of all such spheres of a coaxal 


system are collinear on a line perpendicular to the common radica 
plane. 


Let us choose the « 
the line of centres or 
we have q, = dz 


ommon radical plane as the OYZ plane at 
thogonal to it as the OX axis. From (23. i 
Tı =r, and d, = dy. The point (24.2) now lie 
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on the x-axis and so q) = q> = 0 and 7; = 72 = 0. Accordingly we 
may now write (24.1) on division by 1 + & in the standard form 


e+yt 2+ 20x +d = 0, (24.3) 


where we have put o = (p, + kp.)/(1 + k) and d, = d, = d. 

There are three cases,} according as (i) d < 0 when all the spheres 
of the coaxal system have a real circle in common, (ii) d = 0 when 
all the spheres touch each other at the origin and (iii) d > 0 when 
no two spheres of the coaxal system intersect. In this latter case 
the system contains two point spheres, called limiting points. 

We now determine all the spheres which intersect all spheres of 
the coaxal system (24.3) orthogonally. Let one such sphere be 


a2 p y? + 22 + Qaw + 2y + 2yz + ô = O. 


In virtue of (22.2) we have oa — d — 6 = 0 for all values of o and 


so « = 0, 6 = —d. Thus all spheres of the system 


a + yt tt + py + 22 —d=0 (24.4) 


intersect all spheres of the coaxal system (24.3) orthogonally. 
Note carefully that the spheres (24.4) do not form a coaxal system. 


Example 14, Obtain the limiting points of the coaxal system of spheres 
determined by the spheres 2(a* + y? + 2?) — 6x + 2y + 22+ 7=0 and 
A(x? + y? + 2%) — ldx + 2y + 62 +17 = 0. 


Miscellaneous examples 

1. Obtain the condition that the sphere a? + y? + 2? + 2px + 2qy + 2rz 
-+ d, = 0 should cut the sphere æ? + y? + 2% + 2pat + 2qay + 2raz + dy = 0 
along a great circle of the latter. Deduce that the spheres which cut two given 
spheres along great circles, all pass through two fixed points. 

2. Find the condition that the two circles æ? + y? + 2° + 2px + 2qy 
+ 2rz + d, = Aye + puy + ome + pr =O and a* + y? + 2? + pw + 2qny 
+ rye + dy = Agu + HY + vz + pz = 0 should lie on the same sphere. 

3. PQ is the shortest distance between the two straight lines A P and BQ. 
If AB is of constant length as A and B vary, show that the radius of the sphere 
ABPQ is constant. 

4. Find the condition that the straight line (x — «)/l = (y — B)/m= 
(z — y)/n should touch the sphere x* + y? + 224 2px + By + 2rz + d = 0. 
Hence find the locus of the centres of spheres of constant radius which pass 
through a given point and touch a given straight line. 

5. Obtain the equation of the sphere orthogonal to the four spheres 


a py? 4+ 22 + pa + 2qy + rz + d;=0. (i= 1, 2, 3, 4). 


+ The reader is asked to work out the details. Compare Analytical Conics, 
pp. 30-31. 
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6. Find the equation of the sphere for which the circle 


a + y? + 2 + 2pr + Qqy 4 2rz + d = de + py +z + p= 0 
is a great circle. 


7. The tetrahedron ABCD is called an orthocentric tetrahedron if the 
perpendicular from the vertices on the opposite faces are concurrent. Prove 
that the necessary and sufficient condition is that the three sums of the squares 
of opposite edges are equal. 

If each pair of vertices of a tetrahedron are conjugate points with respect 


to a sphere, show that the orthocentre of the tetrahedron coincides with the 
centre of the circle. 


Answers 
1. æ? 4 y? +224 de — by +224 5=0. 2. (— 5/6, 2/3, — 1/6), 1. 
3. O(a? + y? + 24) — 17e — 23y —2 = 24 = 0. 7. 3 or —2. 8. w — SY 


+2+12=0, 3x2 + lly — 3z — 16 = 0, 3v — 2y + 10 = 0. Pencil of 
planes through (a + 2)/2 = (y — 2)/3 = 2/13. 9. (0, — 3, 4), (— 2, — 1, 0), 
(— 3, 0, — 2). Collinear on the straight line «+ 2 = — (y + 1) = 2/2. 
11. æ? + y? + zt — Qe +y +2) —11=0 and 13(x? + y! + 2%) — 82@ + 
y +2) — 87 = 0. 12, cos! {7V33/138}. 14. (2, 0, — 1) and (1, — 1, 0). 


Miscellaneous examples. 1, UP + qa? + r) — UP Pa + hnde + rra) 
+d, — d, = 0. j à 


2 Ria hy on ma \ <2 


Ža Hz Ve Pe 
(Pı — Pa) Aq — G) 2(r,— r) dy — dy 
(For explanation of symbolism, see Appendix, p. 116.) 
4. (al + Bm + yn + pl + qm + rn)? 
= (P + m? + n)a? + BP + yt + 2pa + WB + 2ry + Ds 
(lx + my + nz — al — Bm — yn}? 
+ (2 + om? +e n?)(2ax + 2By + 


5; Hyt a y az 
=d Pr fi fi 
=d, Pz Q T3 
=d Ps % T3 
=h Pa Us ra 

6. (2 + p 


F (a + ye 4 ze p 2px + 2qy + 2rz + d) 
+ 2p — Ap — ug — vr)(dv + py + v2 + p) = % 


CHAPTER IV 
QUADRIC CONE—CYLINDER 


25. Quadric cone 


A straight line, called a generator, which always passes through 
a fixed point, called the vertex, and which intersects a fixed conic, 
traces out a surface, called a quadric cone. (For brevity we omit 
the adjective “quadric.”) If the conic degenerates to a line-pair, 
the cone degenerates to a pair of planes or possibly to two coincident 
planes. 

We now obtain the equation of the cone which passes through the 
conic 


we, y) = ax? + Qhay + by? + 2gx + 2fy +e=0;2=0, (25.1) 
and has its vertex at A. 

Let the direction-ratios of a generator be {l, m, n}. Any point on 
the generator has the parametric coordinates (a4 + lt, yy + mt, 
z4 + nt). The point of intersection of this generator and the plane 
z = 0 corresponds to t= — 2,4/n. This point lies on the conic 
wie, y) = 0 and so platy —ley/n, Ya — mza) = 0. Eliminating 
L, m, n from this equation and the equations v = & 4 + li, y = Ya + 
ml, z = z4 + nt of the generator, we obtain the equation of the 
cone in the form 


plat — t42) la — 2). (4Y ya) Ca —2)) =0. (25.2) 


We note that this equation has quadratic terms and linear terms in 
v, y and z and a constant term. 


Example 1. Find the equation of the cone with vertex at (1, 2, — 1), 
which passes through the circle x? + ype +z=r+y+z-l = 0. 


26. Cone with vertex at the origin 
If the point A = (x4, yy, Z4) is on a cone whose vertex is at the 
origin, then every point on the generator OA is on the cone. That 
29 


30 ANALYTICAL QUADRICS 


is, the point (kx, ky 4, kz) is on the cone. Accordingly the equation 
of the cone must be homogeneous in x, y and z. The terms of highest 
degree in a cone are quadratic and so the general equation of a cone 
with its vertex at the origin is 


Y(® Y, 2) = ax? + by? + c2? + 2fyz + 2gzx + 2hxy =0. (26.1) 


This equation has five effective constants, namely the ratios of the 
six quantities a, b, c, de Gh Generally, one unique cone can be 
drawn to pass through five given generators. 

Tf the x-axis is a generator, then (26.1) is identically satisfied by 
y=2z=0. Hence a=0. Consequently a cone with the three 
coordinate axes as generators has the equation 


Syz + gzx + hay = 0. 


Example 2. Obtain the equation of the cone with vertex at the imen 
which passes through the circle 2? + y? ++ 22 2px + 2qy + 2r2 + 
= de + uy + 2+ p=0. 


27. Circular cone 


Let P be any point on the right circular cone, semi-vertical angle 
%, vertex at the origin and whose axis has direction-ratios {l, m, ns. 
The direction-ratios of OP are {tp, Yp, Zp} and so 


cos a = (lep + myp + nzp)| V (E + m? -H n®)(ap? + Yr? + 2p"). 


Thus the equation of the circular cone is 
(2? + y? + 22)(12 4 me n?) cos? a — (la + my + nz)? = 0. (27.1) 


Conversely, the equation 


T Hy + (2e + py + v2)? = 0 
can be written 


(È yË A ANAL p + AE to) — (e + py + 2) =? 


. + n 
and so represents a cireular cone whose axis has the direotio” 
tA, u, v} and whose semi-vertical angle is cos- (22 -+ p? + °) 


This angle is complex if 72 4. #2 + 92 <1 and in this case we 8°Y 
that the cone is Virtual, 
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28. Conditions that Yp, (x, y, z) be a circular cone 


If equation (26.1) represents a circular cone it can be identified 
with (27.1). Comparing coefficients we have 


ka = (L + m? + n?) cos?a — l; kf = — mn; 
kb = (P + m? + n?) cos? a — m?; kg = — nl; 


ke = (P + m? + n?) cos?» —n?; kh = — lm; 


where & is some factor of proportionality. If fgh 40, we easily 
obtain 


a png (28.1) 


If f = 0, then either m = 0 or n = 0 and so either h = 0 or g = 0. 
Let us suppose m = 0. Then f=h=0. We now find that the 
condition for a circular cone is 


g = (a — b)(c — b). (28.2) 


Finally if f = g = h = 0, then two of l, m and n must be zero, say 
l= m = 0. In this case the required condition reduces to a = b. 

The reader can verify that all these cases can be combined into 
the statement that the rank of the matrix} 


a—A h g 
h b—A f 


is one, 


Example 3. If fgh + 0, show that the circular cone (26.1) has its axis in 
the direction {1/f, lg, 1/h} and semi-vertical angle given by 3 cos? « = 
1 — fgh(a + b + c)/(g2h? + hef? + f%9%). 

Example 4. If f= h = 0, show that the circular cone (26,1) has its axis 
in the direction {Vb —a, 0, Vb — c} and the semi-vertical angle is given by 
3 cos? = — 3b/(a — 2b + ¢). 

Example 5. If f=g = h = 0 and a= b, show that the axis is in the 
direction {0, 0, 1} and the semi-vertical angle is given by tan? « = — cja. 


29. Angle between two generators 
We now determine the angle 0 between the two generators of the 
cone (26.1) which lie in the plane 
— Ru + uy + vz = 0. (29.1) 
t Seo Appendix, p. 116. 
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Let the equation of one of these generators be x/l = y/m = 2[n. 
Any point on it has the parametric coordinates (It, mt, nt). Since 
this point lies on (26.1) and (29.1) we have 


yll, m, n) = al? + bm? + cn? + 2fmn + 2gnl + 2hlm = 0, 
Al + um + mm = 0. 


There is no loss in generality if we assume n #0. The elimination 
of n yields 


P(av® — 2gdy + c2?) + Qm(hy® + te — gun — fd 
+ m*(by® — 2fuy + cu?) = 0. 


1 
Let the direction-ratios of the two generators be {I,, My, ny} a 
{la, Mg, na}. From the theory of quadratic equations, it follows th 


Ll, MyMg 
by? — 2fuv + cue of? — 2gdy + ar? 


Lm, + lym, 


= = x (say). 
— (hr? + chu — guv — fay) 


From symmetry we also have 


Nina MyNy + MyNy 
ay? — Qhdw + bA — O(f42 4 apv — hiv — gan) 


Mila + Moly = 6 
— 2(gu? + bay — fhu — hur) 


In virtue of (6.2) and (6.5) we have 


tan 0 = 4 


E {(lymy — Lym)? -+ (mina — mym)? ) 
4 (nly = lan)? / (Lyla + mm eee 
But 
hl + mm, + nm, = W{(@ + b +o) + u? + 9°) — Yl fe od 
and a calculation yields 


(l 


y 
i= lm)? = (mg + Lym)? — 4hlmym, = — drer? Hs ) 
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where 


P(A, u, 0) = (be — f2)22 + (ca — g?)u? + (ab — k?p? 
+ hg — af juv + AUbf — bg)rà + Afg — heya} (29.2) 
= AR + Bu + Cv F py + 29rd + 2H hu 


if we use the notation of Analytical Conics,} p. 76. 
Hence 


A (22 + p + Al WM (29.3) 
(a +b + c) + wet v?) — A, p, Y) 


tan 0 = + 


Thus the generators are real, coincident or conjugate complex 
according as (å, x, v) is less than, equal to or greater than zero 
respectively. For (A, u, v) = 0, the plane Ax + py + 1z = Oisa 
tangent plane. 

Later we shall require the particular result that Ax + uy + 12 = 0 
is a tangent plane to the cone ax? + by? + cz* = 0, if 


2 et 
So ih ols OS 29.4 
a i b + c ( ) 


Further, we deduce that the pair of generators are orthogonal if 
(a +b + c)(A2 + u? + 1°) — ylh, u, 9) = 0. (29.5) 


Example 6. Calculate the angle between the two generators of the cone 
PAn 


Yz +- zæ + æy = 0 which lie in the plane 6x + 3y — 2: 
Example 7. Show that the plane v — y + 2z = 0 cuts the cones x? — 3y* 
-+ 22? = 0 and 5yz + 3zx + 2xy = 0 in the same pair of generators which 


intersect at an angle tan- {4 V 6/3}. Further show that the other common 
generators of the two cones are complex. 


30. Reciprocal cone 

The plane Ax -+ uy + vz =0 is a tangent plane to the cone 
PE, y, z) = 0 if A(d, m, v) = 0. The line a/A = y/u = z|» is normal 
to this plane and so it generates the cone ¢(x, y, z) = 0 called the 
reciprocal cone. 


Example 8. Show that the reciprocal cone of the reciprocal cone is the 
Original cone. 
et 

t Published by Pergamon Press, London, 1957. 
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31. Rectangular and orthogonal cones 

The plane Ze + uy + »z= 0 cuts the cone y(x, y, z) = 0 in 
orthogonal generators if equation (29.4) is satisfied. The normal 
to this plane is also a generator if y(A, u, v») = 0. Thus if three 
mutually orthogonal generators exist, then 


a+b+c=0. (31.1) 


Conversely, if a + b + c = 0, we shall now show that the cone 
possesses an infinite number of mutually orthogonal triples of gener- 
ators. Let any generator be 2/4 = y/u = z/v. Then p(A, p, v») = 0. 
Thus equation (29.5) is satisfied. Hence the plane Av + py + 92 = 0 
cuts the cone in orthogonal generators. Consequently any generator 
gives rise to a triple of mutually orthogonal generators. The problem 
of finding three mutually orthogonal generators of a cone is thus 
poristic. If (31.1) is satisfied we say that the cone is rectangular. 

The reciprocal of a rectangular cone possesses an infinite number of 
triples of mutually orthogonal tangent planes. Such a cone is called 
an orthogonal cone. The reciprocal of an orthogonal cone is & 
rectangular cone and so in virtue of (29.2) the necessary and sufficient 
condition that the cone y(x, y, z) = 0 be orthogonal is 


A+ B+ E= be + ca + ab — f? ghk =I O. (31.2) 


It will be clear from §77 on relative invariants that equations 
(31.1) and (31.2) are still valid if there are additional linear terms 
in the equation of the cone. (This will be useful in solving Examples 
3, pages 41 and 54.) 


Example 9. Prove th: 


4 -12 
: e at the semi-vertical angle of a circular cone is tan 
if the cone is rectangular 


but cot! 2 if the cone is orthogonal. 


32. Quadric cylinder 


$ A straight line of fixed direction, called a generator, which always 
intersects a conic traces out a surface, called a quadric cylinder. 
(For brevity, we omit the adjective “quadric.”) If the con’ 
degenerates to a line-pair, the cylinder degenerates to & pair ° 
planes or possibly to two coincident planes. 

We now find the equation of the cylinder whose generators mg 
parallel to the direction {l, m, n} and which has the section (25.1). 

Let A be any point on this section. The generator of the cylinder 
through A is (x — x,)/l = W — y4)/m = z[n. Further p(x4, Ya) 7 
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and the elimination of x, and y, yields the equation of the cylinder 
in the form y(x — lz/n, y — mz/n) = 0. If we choose the generators 
parallel to the z-axis, then ] = m = 0 and the cylinder is represented 
by the equation y(x, y) = 0. We then say that the cylinder is 
elliptic, hyperbolic or parabolic according as y(x, y) = z = 0 is an 
ellipse, hyperbola or parabola. Their standard forms can then be 
taken respectively as 22/a®-} y?/b®=1, ja — yb? = 1 and 
Y? = dar, 


Example 10. Obtain the equation of the cylinder whose generators are 
parallel to the direction {1, 2, — 1} and which has the circular section 
ety tet eoaetyt+e—-1=0. 


Miscellaneous examples 


1, Show that the general equation of a cone which touches the three co- 
ordinate planes is a'z? -+ b?y? + cz? + 2beyz + 2eazx + 2abxy = 0. (The 
choice of signs is restricted to the cases where the expression is not a perfect 
square.) 

2. Obtain the conditions that the cones fyz + g2x + hay = 0 and ax? + by? 
ii a = 0 have a common pair of generators lying in the plane du + py + 02 

3. Prove that ar? + by? + cz? + 2px + 2qy + 2rz + d = 0 represents a 
cone if p?Ja + g?/b + r?/e = d. Further, find the coordinates of the vertex. 

4. Show that Vx + Vy 4. Vz = 0 represents a circular cone of semi- 
vertical angle sin-! 1//3. 

r 5. Prove that the locus of a point whose distance from a fixed plane equals 
its distance from a fixed line is a cone. 

6. Show that the locus of the mid-points of the intercepts between tw 
planes of a straight line through a fixed point is a hyperbolic cylinder. 

7. Find the locus of points, with real coordinates, which are the vertices 
of right circular cones having the elliptical section x2/a® + y%/b*§ — 1 = 2 = 0 
(a >b). 


o fixed 


Answers 
1. Be? + y? 4 5z? + dyz + Gow + Qay — 4m — 2y — 4+ 2 = 0. 


2. pat + y? 4 at) — Zole + uy + ve\(px + ay + 72) + Aee i i + vz)? 
2z2+1=0. 


= 0. 6. 7/2. 10. 322 + y? + 722 + dyz + Ger — 2x — 

Miscellaneous exam 2. (bv? 2)/fuv = (cA? + av*)/gvd = (an? 
ples. 2. (by? + cp’) 5 

+ DAY han. 3. (— pla, — qlb, — rlo). 7. f(a? — 0) — 2 — 1 = y = 0 


CHAPTER V 
CENTRAL QUADRIC 


33. Central quadric 


In plane geometry we discussed the central conics with the 
equation ax? + by? +c=0. This suggests that we discuss the 
surfaces, called central quadrics, represented by the equation 


ax? + by? + c2z2-++d=0. (33.1) 


If the product abcd #0, we say that the central quadric is non- 
degenerate. The degenerate cases can be listed as follows: 


(1) Cone, vertex at the origin: d= 0. 

(2) Elliptic or hyperbolic cylinder: a = 0 or b = 0 orc = 0. 

(3) Pair of intersecting planes: d=a=0 or d=b=0 OF 
d=c=0. 0 

(4) Pair of parallel planes: b = c = 0 orc =a = O or a = b = 0 

(5) Pair of coincident planes: d = b = c = 0 or d =c=4= 
ord=a=b=0. 


Equation (33.1) contains only even powers of x, y and z and £0 & 
central quadric is symmetrical with respect to the coordinate a 
Further the origin, called the centre, bisects all chords, calle 
diameters, which pass through it. the 

The straight line through A in the direction {l, m, n} intersects t 5 
central quadric (33.1) at the points ¢ corresponding to the solutio 
of the quadratic equation 


alza + lt)? + blya + mt)? + cz, + nt)? +d = 0. (33.2) 


Consequently, a straight line intersects a central quadric in ie 
points which may be real and distinct, real and coincident or ao 
jugate complex. However, the quadratic equation may become a 
identity in ¢ and then the straight line lies completely in the surie 
and is called a generator. 


3 : a, ginge an 
Any plane section of a central quadric is a conic, since any 
36 
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straight line, not a generator, in the plane of the section cuts the 
surface and therefore also the section in two points. 
Excluding the degenerate cases, we may write (33.1) in the form 


(ajd)a? — (b]d)y? — (eJd)? = 1. (33.3) 


We now proceed to discuss the different cases which arise, accord- 
ing to the signs of the coefficients of x, y? and 2. 


34. Ellipsoid 
If the coefficient of x2, y? and 2? in (33.3) are all negative, then the 
surface represented by (33.3) cannot have any real points. We say 


that the surface is a virtual ellipsoid. 
Next, we consider the case when all the coefficients are positive. 


We may rewrite (33.3) in the form 


Se = i (34.1) 


Tt is clear that this surface, called an ellipsoid (Fig. 14), lies 
completely within the rectangular parallelepiped formed by the 


Fia. 14 


Planes 2 = a y = 4 b and ż = +0: Further, all real sections 


2Y A 
Parallel to the coordinate planes are ellipses. In fact all real sections 


are ellipses since the surface is finite in extent. Pics) 
If two of a, b, c are equal, the surface is of revolution whilst if 


a= 


b = the surface is a sphere. 
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35. Hyperboloid of one sheet 


We now consider the case when equation (33.3) has one negative 
and two positive coefficients. We may write (33.3) 


ah sf ai (35.1) 
2 


z 


Fie. 15 


All sections parallel to z = 0 are real ellipses with a minimum 
section corresponding to z = 0, whilst sections parallel to « = 
and y = 0 are hyperbolae. 

The section of (35.1) by x =a is the pair of generators « = % 
ylb + 2/¢ = 0 and z =a, y/b — z|c = 0. The section by % = a 
is also a pair of generators. The value of Phe — zeje = 1 — sia 
is positive for |x| < a but negative if |x| > a. Hence, the directions 
of the conjugate and transverse axes of the hyperbolic sections 
parallel to the plane x = 0 interchange on passing through x = a 
In the same way the directions of the conjugate and transvers? 
axes of the hyperbolic sections parallel to the plane y = 0 nail 
change on passing through y = + b. t 
_ This surface is called a hyperboloid of one sheet (Fig. 15)- i 
is a surface of revolution if a = b. 
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36. Hyperboloid of two sheets 


Finally, we exami 
‘ar rac bi 3 pannia the case when equation (33.3) has one positive 
iT x # 
eti e coefficients. We may then write this equation in 


et as. (36.1) 


Fig. 16 


domain between the planes 
to z= 0 but 
Further, the 
Since 


This surf; 
"a Bies has no real points in the 
outside nd z= —c, All sections by planes parallel 
sections the domain — c <z< c are real ellipses. 
= y?b? ie me to v=0 and y=0 are hyperbolae. 
interchan 2/c2 = 1 + a*/a® does not change sign with v, there is no 
Sections a os the transverse and conjugate axes of the hyperbolic 
The ih H occurs in the hyperboloid of one sheet. 
rface (36.1) consists of two disconnected part: 


the h; 
a i 
ite ee of two sheets (Fig. 16). Itisa surface o: 


s and is called 
f revolution 


37, 
6 Polar properties 
Onsider 
ider the central quadrics represented by 


or i 
brevity, let us write 


equation (33.1). 


4 = 2 2 A 
ata? + bya? + cz? td; Fp= atp + byg? + cent + i 
Tain = Ipa = axjg + bY YR T AB +4; 
T4 = axx + bygy + 2a? +d. 
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The coordinates of the point P which divides AB in the ratio o:7 
are given by (3.1). A simple calculation shows that P lies on the 
quadric (33.1) if 

PE, + 270T 43 + CF, = 0. (37.1) 


This equation is called Joachimsthal’s quadratic equation (com- 
pare §19), and its roots correspond to the two points of intersection 
P and Q of AB and the central quadric. 

Two points A and B are said to be conjugate with respect to the 
central quadric if the points of intersection P and Q divide A and B 
harmonically. As in §19, the necessary and sufficient condition is 
Tag = 0. 

The polar surface of a point is defined to be the locus of all points 
ae to it. Consequently the polar surface of A is the plane 

4 = 0. 

The pole of a plane is defined to be that point whose polar is the 
given plane. Let us now find the coordinates of the pole A of the 
plane da + uy + vz + p=0. The polar of A is the plane Py = 0 
and the comparison of coefficients yields 


ax_y/2 = by 4/4 = cz4/v = dlp. 


Accordingly the pole A is at the point (Ad/ap, d/bp, vd/ep)- 
It follows that the plane u, = A, + yyy + nz + pi = 9 “wig: 
through the pole of the plane u, = Asx + [oy + 92 + Pa = oi 


Ahold + piob + viwalo + ppold = 0. (37.2) 


From the symmetry in the indices 1 and 2, we see that the 
Ug = 0 also passes through the pole of the plane u, = 0. Two planes 
such that each passes through the pole of the other are said to be 
conjugate. 

Now let the point A lie on the quadric. That is, F4 = 0- Equation 
(37.1) has coincident roots if Tap = 0. Consequently the locus ° 
the point B, such that AB is a tangent line, is the plane SF 
called the tangent plane. It is identical in form with the polar of 
A. Thus the pole of a tangent plane is at its point of contact. 

A tangent plane is clearly conjugate to itself. Accordingly f°” 
(37.2) the plane Jax + uy + vz + p = 0 is a tangent plane if 


Pla + 2/b + vèle + pd = 0. 
Return again to equation (37.1) and let AB be a tangent line with 


plane 


(37-3) 


CENTRAL QUADRIC 41 


neither A nor B on the quadric. Then the roots of (37.1) are coinci- 
dent and so FF, — Tag? = 0. Hence the logus of the point Bif 
A is held fixed is the surface given by 


FF -Te=0. (37.4) 


This surface is a cone with vertex at A. Since (37.4) is quadratic 
in v, y and z the surface is a quadric cone, called the enveloping 
cone or tangent cone from A. 


Example 1. Show that the plane 
————— 
de + py + vz = + V — da + pe fo + vle) 
is always a tangent plane of the quadrics ax? -+ by* + c2? + d=0. 


Example 2. Provo that the locus of the point of intersection of three 
mutually orthogonal tangent planes of the quadrics ax? + by? + e? +d=0 
is the so-called orthoptic sphere 2* + y? + 2° + d(1fa + 1/b + Ife) = 0. 


Example 3. Show that the locus of points from which three mutually 
orthogonal tangent lines can be drawn to the quadries ax? + by? + c2* + d 
= 0 is the quadric a(b + c)x® + b(c + a)y? + cla + bz? + da + b + 06) = 0. 


Example 4. Show that the locus of the pole with respect to ax? + by? + cz? 
+d=0 of tangent planes to ar? + py? + yz? + ô= 0 is the quadric 
aĉa?la + b8y8/B + otzt/y + 1/5 = 0. 


38. Generators 
Equation (37.1) may be an identity. If so, the line is a generator. 
The necessary and sufficient conditions are 


F,=0; Fp=0; Tap=0. (38.1) 


The parametric coordinates of any point on the line AB are given by 
(9.4) and so the tangent plane at this point is 


E(w, y, 2) = a{(L — tay + leg} + {U — a + Ya) 
+ o{(l — t)z4 + izp} + d = 0. 
We readily verify that 


ECL — s)z4 + sep, (1— sya + 8¥m (1 Sa + szg) =0 


in virtue of (38.1). Hence a generator lies completely in the tangent 
plane at any point on it. The section of the quadric by the tangent 
plane must now be a line-pair. Therefore, in general two generators 
pass through a point and they determine the tangent plane at that 
point. 
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From equations (38.1) we have 


(axa? + by4?)(ax,* + byg?) — (axyx + by sy)? 
(cz4? + d)(czp? + d) — (czyzy + d)? 


That is, 
ab(x Yg — pY)? = cd(z4 — zy)? 

Thus the generators are real if the product abed is positive. If 
a, b, c, d all have the same sign the quadric (33.1) is virtual and 
cannot have real generators. Hence two of a, b, c, d are positive and 
two are negative. This corresponds to a hyperboloid of one sheet 
and so this surface is the only non-degenerate central quadric with 
real generators. All the degenerate central quadrics have generators. 


39. Generators of hyperboloid of one sheet 
The equation (35.1) of the hyperboloid may be written 


EJE- -de 


Hence the generators are the lines of intersection of the planes 


eE Aen Zj, = 2_1 d (39.1) 
atem): 2-45 (1-3 

or the planes 
v z y), z z if r) 39.2) 
= cite EEA P e oA y a A (39. 
a c of +4), ats le l b 


The generators (39.1) and (39.2) may be called respectively the 
A-system and the ju-system. 


Two distinct generators of the A-system are given by 

aa + zje = Al + yfo); eja — zje = (1 — yb)/ay 

xja + zle = 21 + ylb); æla — zļe = (1 — yb) [Ap 
These four equations are inconsistent. It follows that no twe 
generators of the 2-system intersect, Similarly all the generators 2 


the u-system are skew to one another. 
We readily verify that the point 


ee +H) blu) eA — w) (39.3) 
l+ åp 1+ iu 1 + du 


(Ay # 2a) 
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lies on both generators (39.1) and (39.2). Hence each generator of 
the A-system intersects every generator of the u-system. 

Example 5. Show that the locus of the points of intersection of orthogonal 
generators is the curve of intersection of the hyperboloid and its orthoptic 
sphere. (See Example 2, §37.) 

Example 6. Calculate the angle between the two generators of the hyper- 
boloid 2*/a? + y?/b? — 2%/e2 = 1 which pass through the point (a cos a, 
b sin g, 0). 


40. Normals 
The normal at A has the equations 


me r Yy — Ya Z 24 (40.1) 
ata bY a CZ4 


We ask: “How many normals pass through the fixed point K?” 
The answer depends on the number of solutions for A of the equations 


te—%, YI SE 
We 4 by eža 


7A __ 4 (say) (40.2) 


and F, = 0. Introducing the parameter ¢ in (40.2) we obtain 


= vgl + at); yy=yxl +b); za = zrl +e) (40.3) 


and so by substitution in F = 0 we have 


atg? A byg? i ezg? tpt (40.4) 
(Fat) (1+ bi)? (L ct? 


This equation is of the sixth degree in ¢. Hence six normals can 
be drawn from a point of general position to a central quadric. 

If the quadric is of revolution (a = b) or is a cone (d = 0), 
equation (40.4) reduces to a quartic and so only four normals can be 
drawn from a point to a central quadric of revolution or to a cone. 

We now show that the six normals through K lie on a quadric 
Cone. This cone is obtained by eliminating %4, Ya» *4 and ¢ from 
the equations 


ata bya oA 
of the normal KA and equations (40.3). The result is 
Ub — ojerly — yp) — 2x) + ble — ayre — 2x) — tx) 


L c(a — b)zx(t — tr)(Y Yx) = 9. (40.5) 
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Example 7. Show that the six normals drawn to the quadric ax? +- by? 
+ cz? + d = 0 from any point on one of the straight lines a(b — c)t = 
+ b(c — a)y = + c(a — b)z lie on a right circular cone. 

Example 8. Prove that the locus of the mid-points of parallel chords of a 
quadric, such that the normals at the ends of a chord intersect, is a straight 
line. 


41. Centre of a section 


The centre of a plane section of a central quadric is that point in 
the plane which bisects all chords of the plane which pass through 
it. Let us find the coordinates of the centre A of the section of the 
central quadric (33.1) by the plane Ja + uy + vz + p = 0. 

The straight line through A in the direction {l, m, n} has the 
equations (9.1). Its points of intersection with the central quadric 
(33.1) are determined by the roots of the quadratic equation (33.2) 
in t, Hence A is the centre of the chord through 4 in the direction 
{, m, n} if (33.2) has equal and opposite roots in t. That is, 


ala, + bmy4 + cnz4 = 0. (41-1) 

Accordingly, the equation of the plane whose centre is at A is 

obtained by eliminating 1, m, n from (41.1) and (9.1). The result i$ 
tale — w4) + by ly — ya) + czyl — 24) = 0. 


This equation now represents the same plane as Ax + py +” +P 
= 0, and so 


aty _ ba cay awa? + bya? + eza? 
A 4 y P 


To solve these equations, put each fraction equal to t. Then 


ta = Mla, etc. Further (42a + J2/b + r?lejt + p = 0. Conse 
quently 


(41.2) 
(41.3) 


A= (—Apla, — uplbr, — vpler) 
«= Bla + yb + rhe. 
This section is a parabola if x= 0 but p #0. In this case at 


“ re 
least one of a, b or ¢ must be negative. Thus the hyperboloi a 
the only non-degenerate central quadries with parabolic sections: 


Example 9. Show th, ne sections ° 
a quadric is a EE e at the locus of the centres of parallel plar 
+ by 


E: £ 2 
xample 10. Prove that the locus of the centres of sections of a% 7 0 is 


+ c? + d = 0 by tan 2+ = 
‘ =x gent planes of the quadric gx? + fy? + V7 
ôlatx? Ja + bYy2/B + C4 y) + (ax? + by? Ey pe fn Bi 


where 
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42. Axes of central plane section 

Equal diameters of a central conic are equally inclined to the axes. 
Thus we can determine the axes as the limiting positions of equal 
diameters when they tend to coincide with one another. 

Let us consider the diameter of length 2R in the direction [, m, n] 
which lies in the given central plane Jt + uy + 92 = 0 of the 
central quadric (33.1). The point (LR, mR, nR) lies on the quadric 
and so (al? + bm? + cn2)R2-+-d=0. This equation may be 
written 

(aR? + djl? + (bR? + d)m? + (cR? + djn? =0 (42.1) 
since 1, m, n are direction-cosines. Further (LR, mR, nR) lies in the 
given plane. Therefore, 


Al + um + m=0. (42.2) 


The axes of the section correspond to the case when these two 
equations have coincident roots in l:m:n. We may eliminate one 
of I, m, n and write down the condition that the resulting quadratic 
has equal roots. It is more instructive to regard for the moment 
l, m, n as coordinates. With this interpretation the plane (42.2) is 
a tangent plane to the cone (42.1). In virtue of (29.4) the required 
Condition is 

x Oe 0. (42.3) 


aR? + d i bR?+d cR?+d 


This equation is quadratic in R? and its roots correspond to the 
Squares of the lengths of the semi-axes. The roots are both positive 
for a real elliptic section, both negative for a virtual section whilst 
fora hyperbolic section one root is positive and the other is negative. 

The coefficient of A! in (42.3) after multiplication by 


(aR? + d)(bR* + d)(cR? + d) 


is abe(A2/a + y12/b + »?/e) which can only be zero if Ja -+ py + 9 = 
is a tangent plane to the central quadric. Thus the coefficient of R 
cannot vanish in the case of a central plane section. 

The direction of the axes is obtained by observing that the 
Solution in 1, m, n of (42.1) and (42.2) subject to (42.3) is 


Beg tle a as (42.4) 
ak? +d bR?+d cR? +d 


limin 
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3 pat[(b + c) + y°Ie + a) 

Example 11. Show that tangent planes to the gonez K 4 cote 

+2/(a is b) = 0 cut the quadric ax? + by? + cz? + d = 0 in rectangular 
hyperbolae. 


Example 12. Show that the hyperboloid x? + 3y? — 42? = 1 is cut in 
circular sections by the planes 2y* — 52? = 0. 


43. Axes of non-central plane section 


The reader is asked at this stage to read §73 on the translation 
axes. We now wish to obtain the axes of the section of the centra 
quadric (33.1) by the plane Ax + uy + vz + p = 0, (p # 0). Let hi 
translate axes to the centre of this section. The coordinates of the 


x wee e 
centre are given by (41.2) and so the equations specifying th 
translation are 


z= X —Aplax; y= Y —pplbe; z= Z — plex. 


i ‘hilst the 
The plane becomes the central plane AX + pY + vZ = 0 whilst 
equation of the quadric becomes 


aX — Apfax)? + b(Y — pplbx)? + c(Z — vp|ex)? + d = 0- 


: b 
In virtue of AX + uY + vZ = 0 and the value of « as given bY 
(41.3) this equation reduces to 


wl 
aX? + bY? + oZ? +d + pe = 0. (43.1) 


; : eee section of 
Hence the section we are investigating is the same as the sec 


s the 
the central quadric (43.1) by a central plane. Accordingly a the 
previous section, the squares of the lengths of the semi-axes a! 
roots in R? of the quadratic equation 

22 : we x2 =Ü, (43.2) 
otat pe ' OR + d+ pin! oR? +d + pie 


; the 
and the direction-ratios of the axes, which are not affected by 
translation, are 


{aR 4 


2/1) }- 
ra + pèje), pj(bR? + d + pèk), leit is 
n f tui 
Tf k = 0 the section is a parabola and the calculations © 
section are clearly not applicable. 


Example 13. Show 


= 1 is cut im 
circular sections by any 


that tho hyperboloid 2? -+ 3y* — 42° =) 
Plane parallel to the planes 2y? — 52° = -nsoid ala 
Example 14, Prove that the area of the section of the enon +% 
+ y?l + ztje — 1 by the plane sja + y/b + zje = 1 is Bah 
+ a°2)t/3V/3, 
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Miscellaneous examples 

1. Show that the two tangent planes through the straight line u; = 4% 
+ HY + vz + pi = 0 (i = 1, 2) to the quadric ax? + by? + cz? + d = 0 are 
given by u,2DA.2/a — QuywLA,As/a + uE, tla = 0. 

2. Show that the straight line (x — x4)/l = (y — yalm = (z — za)ln 
touches the quadrie ax? + by? + cz? +d = 0 if (aryl + byam + czan)? 
= (al? + bm? + en?)(ax,? + bya? + +d). 

3. Find the locus of the centres of sections of the quadric ax? -+ by? + cz? 
+ d = 0 which are at a constant distance p from the centre. 

E Show that tho plane Ax + py + »z + p= 0 cuts the hyperboloid 
a? Ja? 4- y2/b2 — 2%/c? = 1 in a parabola if Aa® + p°b? — ve? = 0. 

5. Prove that the locus of the points of intersection of the normals to the 
hyperboloid æ?ja? + y?/b? — 2?/c? = 1 at points of a fixed generator with the 
plano z = 0 is a straight line. Further, show that this straight line envelops 
& conic as the generator varies. 

6. Find the equation of the plane section of the quadric ax? + by? + ¢2* 
+ d = 0 which has one of its axes along the straight line x/l = ylm = zn. 

7. Show that the plane determined by two parallel generators of a hyper- 

oloid passes through the centre. 


Answers 
5. cos-t {(a? sin? æ -+ b? cos? œ — c*)/(a? sin? æ -+ b? cos? a + 6°)}. 
cat)? = pr(ata® + by? + cfs). 


Miscellaneous examples. 3. (ax? + by? 2)(ala +- bmy + cnz) 
alx my r 


5. afa + oja)? + yèb + eb = 1. 6. (EE mem 
= (al? 4- bm? 4- en®)(le + my + nz) = 0. 


CHAPTER VI 


PARABOLOID 


44, Paraboloid 


In this chapter we discuss the paraboloids defined by : 
ax? + by? + 2rz = 0. (44.1) 
Tf the product abr + 0, we say that the paraboloid is non-degenerate. 
The degenerate cases are: 
(1) Parabolic cylinder: a = 0 or b = 0. 
(2) Pair of intersecting planes: r = 0. 
(3) Pair of coincident planes: a = r = 0 or b = r = 0. 7 
Z. 
Equation (44.1) contains even powers of x and y but not eat 
Thus a paraboloid is only symmetrie with respect to the P me 
«=0and y=0. There is no centre in the usual sense an a, 
origin is now called the vertex, whilst the z-axis is called the ee 
The straight line through A in the direction {J, m, n} inter 


h ion 
the paraboloid (44.1) at the points ¢ corresponding to the ou 
of the quadratic equation 


44.2) 

aa +U + blyg + me)? + Wey + nt) = 0. ( t 

. i S 

Consequently a straight line intersects a paraboloid in two Laer” 

which may be real and distinct, real and coincident or conj em 

complex. If (44.2) is an identity then the straight line is a es is, 
Further, we note that (44.2) becomes linear if 7 = m = 0. 


: ) i nite 
straight lines parallel to the z-axis intersect (44.1) in only one i 
point. 


As for the central 
paraboloid are conics 

Two cases of ( 
opposite signs, 

Case 1. Ifa an 
the form 


-vola 
quadrics, it follows that all plane sections 
i me oF 
44.1) arise according as a and b have the 84 


1) in 
d b have the same sign, we may rewrite G 


ey aan 
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and we refer to the surface as an elliptic paraboloid (Fig. 17). All 
Sections parallel to the planes x = 0 and y = 0 are parabolae, whilst 
sections parallel to z = 0 are ellipses which are real for z > 0. No 
part of the surface lies below the plane z = 0. The elliptic paraboloid 
1S a surface of revolution if a = b. 


Fic. 17 


: Case 2. Ifa and b in (44.1) have opposite signs, we may rewrite 
it in the form 
Ẹ (44.4) 


and we call the surface a hyperbolic paraboloid (Fig. 18). All 
Sections parallel to x = 0 and y = 0 are parabolae, whilst sections 
Parallel to z = 0 are hyperbolae. The section by the plane z = 0 
itself is the line-pair i 


z=0; xja + yb = 0 and z = 0; xla — y/b = 0. 


th z and so the 


f the hyperbolic 
z=0. 


ae value of 22/a2 — y?/b? = 2z changes sign wi 
ee of the conjugate and transverse axes © 
Ctions parallel to z = 0 interchange on passing through 
A hyperbolic paraboloid is never a surface of revolution. 
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45. Polar properties 
We can repeat the theory outlined in §37. With the notation 
Fy = az? + bya + 2rz4; Fg = ax? + byg + 2rzg; 
Tap = Tga = at 4p + bYaYg + 124 + Zp); 
Ta = axy + by yy + rli + 24), 


and the usual definitions, the results are as follows: 


(i) The point P which divides AB in the ratio a/7 lies on the 
paraboloid if 


Fa + 2roT yp + Fy = 0. (45.1) 


(ii) The points A and B are conjugate if T 4p = 0. 
(iii) The polar of A is the plane 7'4 = 0. 
(iv) The pole of 2x + py + vz + p = 0 is at the point 


(rjav, pur|by, pjr). 


(v) The two planes Aya + py + nz + py = 0 and Age + fay T 
vZ + pa = 0 are conjugate if 


ahoja + papofb + (Mpa + V2p,)/r = O- 


(vi) The tangent plane at A is 7, = 0. 
(vii) Thig; plane Ax + py + rz + p=0 isa tangent plane if 
Bla + p2/b + Qplr = 0. 
(viii) The enveloping cone from A is given by FaF — T4? = 0. 


Example 1. Show that the plane dx + uy + vz = ratla + liad 7 
always a tangent plane of the paraboloid ax? + by? + 2rz = 

Example 2. Prove that the locus of the point of intersection of et 
mutually orthogonal tangent planes of the paraboloid ax? + byt a 
the plane 2z = r(1/a + 1/b). 


46. Generators 


Joachimsthal’s quadratic equation (45.1) is an identity if ABis® 


generator. The necessary and sufficient conditions are 
(46.1) 


F,=0; Fp=0; Typ= 0. 
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i i a iven 
The parametric coordinates of any point on the line s are g 
by (9.4). The tangent plane at this point has the equa 


nlg, y, 2) = af(1 tay + tepe + b{(1 — yy + typhy 


+ r{z + (1 — tz, + tp} = 0. 
We readily verify that 


4 +=0 
ML — slay + say, (1 — 8)y4 + Syp (1 — $)z4 + S2p} 


in virtue of (46.1). Hence a generator lies completely = a aat 

plane at any point on it. The section of the paraboloid by rators pass 

Plane must now be a line-pair and so in general two ra an 

through a point and they determine the tangent plane at that p 
From equations (46.1) we have 


(ag? + by (2)(axry? + byg?) — (ax stp + by Yn) 


= (— 2rz4)(— 2rzg) — P(E, + 2p) 
That is, 


2 = — r?(z4 — Zp) 


ab(x Yg — tpY a) "A 


P ite signs. 
Thus the generators are only real if a and b have opposi g 


ence the hyperbolic paraboloid has real generators. 


47, Generators of hyperbolic paraboloid 


: ritte 
The equation (44.4) of the hyperbolic paraboloid may be o T 
(2, a + y/b)(xJa — y/b) = 2z. Hence the generators are the lines 
intersection of the planes 


SY way (27.1) 
Or the planes 


(47.2) 


a 
ce 


The generators (47.1) and (47.2) are called the 2-system and the 
(8Ystem respectively, sates 
- © reader is asked to verify (compare §39) that no two gener ae 
i the same System intersect but that each generator of the A-sys 
Utersects every generator of the -system at the point 
(al + u), blu — A), 22u). 
that the locus of the points of intersection of orthogonal 


3 ajja — 22 = 0 is th lane 
hyperbolic paraboloid x*/a* — y?/b* — 22 = 0 is the p 
Compare Example 2.) 


Exa m; 
Eenorato, 


ZS (be 


Ple 3. Show 
TS Of the 


= a2, q 
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48. Normals 
The normal at A has the equations 


C=, Yq _ 2— ea ; (48.1) 
ax 4 by4 ff 


Again we ask: “How many normals pass through the fixed point 
K?” We have 


= = — 7A 4 (say). (48.2) 


Therefore, 
tq = tg|(l + at); Y4 = Ygl + bt); z4 = zg — "t. (48.3) 


By substitution in F4 = 0, we obtain 


atg? byg? TEN 4 
TF ae + T o + 2r(zg — rt) = 0. (48.4) 

This equation is of the fifth degree in t. Hence, in general, five 
normals can be drawn from a given point to a paraboloid. 

If the paraboloid is of revolution (a = b) or is a paraboloid 
cylinder (a = 0), equation (48.4) reduces to a cubic and in that case 
only three normals can be drawn through a given point. 

We find the equation of the cone passing through these five 
normals by eliminating £4, Ya Z4 and ¢ from the equations 


(t — zg)ļax4 = (y — Yx)lby4 = (2 — 2x)/7 
of the normal KA and equations (48.3). The result is 
able — zx) (exy — ygt) + r(a — b)(e — zg)(y — yg) = 0- (48-5) 
Example 4. Calculate the shortest distance between the normals to 
ax? + by? + 2r2 = 0 at the points (2r, 0, — 2ar) and (0, 2r, — 2br). 
49. Centre of a section 


The straight line through A in the direction {l, m, n} has a 
equations (9.1). Its points of intersection with the paraboloid (44.1) 
are determined by the roots of the quadratic equation (44.2). Hence 
A is the centre of the chord through it in the direction {l, m, n} if 
(44.2) has equal but opposite roots in ¢. That is 


e 


alta + bmyy + rn = 0. (49.1) 


2 
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Accordingly, the equation of the plane whose centre is at A is 
obtained by eliminating 1, m, n from (9.1) and (41.1). The result is 


azyle — x4) + by sy — ya) + r(e — za) = 0. 
If A is the centre of the section by the plane Ax + py + vz + p = 


9, We obtain on comparing coefficients 
an g/A = by alu = rjv = — (ax? + bya? + cz,2)/p. 
The solution of these equations yields 
ac = Be ib Ee (= + #)). (49.2) 
av by v w\a b 
Exam 


3 Ple 5. Obtain the locus of the centres of sections of the S 
EE by? E D a 0 which are at a constant distance p from the vertex. 


50. Axes of plane section 


Tn order to follow this section, the reader is advised to read §73 
on the translation of axes. (Compare $43.) We wish to investigate 

"© axes of the section of the paraboloid (44.1) by the plane 

oF MY + vz 4 p= 0. Translate the axes to the centre of the 
Section, By (49.2) the equations of the translation are 

SX at Arfav; y= Y + urjbr; 

z = Z — pjr — (Bla + pêjb)h®. 

The e 


0 Wations of the plane and paraboloid become 4X -+ uY + »Z 
= land 


Ar\2 A2 e (aE a e = 
es Ys a(r a) af E =( +£] 3 


1? \a 


Th Virtue of AX + uY +Z = 0, this equation reduces to 


aX? + bY? +@=0, (99:3) 
2 50.2 
o = — ra + pèb + 2rpfrh®. oe 


(5 ection We require is thus the same as the section of the ie 

of § bY the plane AX + uY 4+ 9Z=0. This isa petals 

len th, eresponding toc = 0 and w = d. Hence the squares 0: > 

e $ Of the Semi-axes are the roots in R? of the quadratic 
Wation 


Where 


2 À we J: ca 0, (50.3) 
aR 4o bR2 + w 
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and the corresponding direction-ratios are 


{Aj(aR? + w), p(k? + w), r/o}. 


Example 6. Calculate the principal axes of a plane section through the 
vertex of the paraboloid of revolution x? + y? = 2rz in terms of r and the angle 
a between the plane section and the axis of the paraboloid. 


Example 7. Show that any plane parallel to the z-axis intersects the 
paraboloid ax? -+ by? + 2rz = 0 in a parabola. 


Miscellaneous examples 


1, Show that the perpendiculars from the origin to the generators of the 
paraboloid x*/a* — y?/b? = 2z generate the cones (xja + y/b)(ax 4- by) + 22° 
= 0. 


2. Show that all the planes Va — bx — Vbz + p=0(a>b>0,p> 0) 
cut the paraboloid az? + by? = 2z in circular sections. 


3. Show that the locus of the points from which three mutually orthogonal 
tangent lines can be drawn to the paraboloid ax? + by? + 2rz = 0 is the 
paraboloid of revolution ab(a? + y?) + 2r(a + b)z — r? = 0. 

4, Prove that the plane dx + yy + vz + p= 0 cuts the hyperboloid 
ax? + by? + 2rz = 0 in a rectangular hyperbola if b4? + ap? + (a + b)? = 0 
5. Find the locus of the centres of the sections of the paraboloid ax? + 
by? + 2rz = 0 which are of constant area zc?. 

6. Obtain the condition that the straight line (a — «)/l = (y — pilm = 
(z — y)/n be a tangent line to the paraboloid ax? + by? + 2rz = 0. i 

Hence calculate the angle between the two tangent lines parallel to the 
z-plane through (1, 2, 3) to the paraboloid x? + 2y? = 2z. 


Answers 


4. 2r(a — b)(1 — 2ab)/(a? + b? + 4022). 5, (ax? + by? + r2) = pee 
+ by? + 72). 6. 2r cot a, 2r cot æ cosec g. 


Miscellaneous examples. 5, (ata? + bey? + r2)(ax? + by? + 2rz)? = abety*. 
6. (aal + bBm + rn)? = (al? + bm?)(aa? + bB? -+ 2ry), cos? 2V13/13. 


CHAPTER VII 
HOMOGENEOUS COORDINATES 


51. Homogeneous coordinates 


For many purposes it is useful to introduce four quantities X, Y, 
Z, W not all zero defined by 


AIPA Y= eyes. 


The quantities (X, Y, Z, W) are called homogeneous Contesten 
Coordinates of the point (x,y,z). Since pX:pY:pZ:pW = 
X:F:Z:W we can also select (pX, pY, pZ, pW) as the homogeneous 
coordinates of the point 2, Y, Z). 

It will be vate oi : i i y, z, w instead of X, Y, Z, W as 
iomogeneous coordinates. Tf we require at any stage to revert to 
Non-homogeneous coordinates, it is only necessary to put w = 1. 


52, Point at infinity 


The Parametric equation of the straight line through A with 
direction-cosines [l, m, n] are x = vy +l, y = ya + mt, 2 = z4 Æ 
T tis homogeneous coordinates of any point P on the straight 
“hn p = (x4 + lt, Ya + mt, 24+ nt, 1), or equally well 
The (aji +l, yalt +m, zalt + n, 1/t) obtained on division by t 

distance PA is t and as we allow £ to tend to infinity the point 
cao to an infinite distance from A. In the limit as ¢ erm R 
are on the coordinates of P become (l, m, n, 0) and we say na oa : 
Cle 1° Coordinates of the point at infinity on the straight line. 

arly all Parallel lines have the same point at infinity. 


58; Straight line 


i ith homo 


i Seneous coordinates the equation (9.3) of the straight 
ne AB beco; 


mes 


2 Sa > A 
a a _ Way — wya Wyz We, _ O fase 
l WaYg — WgYa Wag — Wgła P 
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Thus 
pw 4x = (pw — owp) 4 + owyrp, ete. 


Let us introduce 7 by pw — owyz = Tw4. Then the homogeneous 
parametric equations of AB are 
pe = T4 + Op, 
py =TY4 + OY 
pe = 124 + 2p; 


pw = TW4 + CWz- 


(53.1) 


If B is the point at infinity (l, m, n, 0), these equations represent the 
straight line through A in the direction {l, m, n}. ‘ 

Consider three collinear points A, B and C. We may substitute 
the coordinates of C in (53.1) and eliminate the ratios p:7: = 
every set of three of the four equations. The result is that the 3 X 
matrix} formed from the homogeneous coordinates of A, B and t 
is of rank two. Hence, the necessary and sufficient condition tha 
the three points A, B, C be collinear is that 


Ray Ya za wa\=2 


tp Yg typ Wg 
to Yo % We 
Only two independent conditions are involved in this result. y 
If the rank of this matrix is one, the rows are proportion® 


so the points A, B and C must coincide. 


; A tio 
The coordinates of the point P which divides AB in the rat 
A: are given by 


P= (2i ey nat Ap Kat a 
w+a EFA eta 


If we change to homogeneous coordinates, we have 


P= (ut gwy + BM 4, MY ye + Aygwg, HZAWB + hepa’ 
(u + 2)wgwp)- 


Make the substitution 2w4 = o and uwp = 7 and the result is 


P= w, 
(Teg + otp, Tya + oyp, Tz4 + ozp, Twat OVB 
co eae to rend th 


i The reader unacquainted with matrix theory is recommended 
Appendix on pp. 115, 116. 


). (63) 


HOMOGENEOUS COORDINATES 57 


The ratio o/7 = (wy/wg)(A/u), thus cjr = Alu = AP/PB if and 
only if w4 = wy. We, therefore, in applications of (53.2) make the 
convention that w4 = Wp for finite points A and B in order to 
retain AP/PB = ofr. 


Example 1. Check for collinearity the sets of points (a), (1, — 2, — 1), 
(— 2, — 4, — 2), (13, 6, 3); (b) (1, ¢, #2), (2, 1, t), (t, #2, 1) for real t. 


54. Plane 


A plane can be determined by a point and two directions through 
that point. These directions determine a pencil of lines which in 
turn define a line at infinity in the plane. This line at infinity will 
be common to all parallel planes. 

The fourth coordinate w of a point at infinity is always zero. In 
order to preserve the result that all linear equations represent 
planes, we agree to say that w = 0 represents the plane at infinity. 

In homogeneous coordinates we may represent a plane by the 
equation 

2x + uy + rz + pw = 0. (54.1) 
The line at infinity in this plane is Ax + uy + vz = w = 0. (We 
do not attach any meaning to the direction-ratios of such a line.) 

If the four points A, B, C, D lie on the plane (54.1), their coordi- 
nates satisfy this equation. The elimination of the ratios A::1:p 
Yields the result that 


Rt, Ya % wal =3 
te Up p Up 


to Yo Zza Wa 


"p Yp 2p Wp 
4s the necessary and sufficient condition that A, B, C and D be 
coplanar. If the rank of this matrix is two, it follows from the 


Preceding Section that A, B, C and D are collinear, whilst the points 
are coincident if the rank is unity. 


Example 2. Show that the 


straight lines through A and B in the directions 
D Ma, nı} and {1,, Ma, 


Na} respectively intersect if 
a Ya Za Wye |= 0. 
Ts Yg te Wg 
L ma 0 


l mMm, Ng 
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55. Intersection of three planes 
We consider in this section the intersections of the three planes 
t = Ae + yy + nz + pw = 0, 
Uy = Age + poy + v2 + paw = 0, (55.1) 
Us = Age + May + vaz + pw = 0. 


By Cramer’s rule, the solution of this set of equations is 


z -=v é m 
har P |S| anpa | =| a fom |=] haan, (55.2) 
Hs V2 Pa Žo Va Po As fla Po As Ma V2 


Hs V3 P3 As Vs Ps As ls Pa Ay My Ys | 


We introduce the two matrices 
U=/A m n pi\; V=/hà i 
Ža Ha "s po Az Mla M2 
As Ms "3 pg As Ms 13 


Since V is a sub-matrix of U it follows that R(V) < RU). Further, i 
R(V) = 1 the columns of V are proportional. Thus all the 3 Xx 
determinants in U are zero. That is, R(U) < 2 if R(V) = 1- 


Case I. Let R(U) = 3. If R(V) = 3, we see from (55.2) that ho 
three planes intersect in a point whose fourth coordinate is = 
and so the point is finite. If R(V) = 2 this common point is @ 
infinity. Hence the planes are all parallel to a line. 


Case II. Let R(U) = 2. We verify that 


| Pe Pol} + Us| pg |+ ug], py 
1 P 
V3 Ps ™ Pi "3 Po 
= 0. 
=| h m pp lty| i r M 
22 V2 p Ha Ye P2 
fs 3 Ps Ha %3 P3 


. i! 
Accordingly the three planes u; = 0 for i = 1, 2 and 3 form a eet 
of planes. The points at infinity in the directions of the norma’s 
the three planes are (A,, Har Yi 0), (Ags Hos "a 0) and (Ag, Ha 7" 
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Consequently by §53 these three points coincide if R(V) = 1. Then 
the normals are parallel and the three planes are parallel to Sus 
another. However, if R(V) =2 the three points at infinity just 


mentioned are distinct and so the three planes intersect in a finite 
line. 


Case III. Let R(U) = 1. We verify that 
a+ yr 


Pally — pyle =| A, py 


As po 


MH Pi 


He Pa 


That is, «, = 0 and Uy, = 0 are the same plane. Similarly uz = 0 


also gives the same plane. The three planes are accordingly 
coincident. 


These results are conveniently summarized in the following table: 


Rank or MATRIX U 


Planes have a unique 
finite point of inter- 
section 


Planes parallel to a Pencil of planes with 
line (planes form a a finite axis 
prism) 


Rank or Matrix V 


Parallel planes Coincident 
planes 


Example 3. Investigate the nature of the intersection of the following 
Sets of three planes: 


(@) @-~y42—4, 
0) egy eee 1, Oe iy = 
(c) 9x — 2y — 3z 


2x — 2y 4 2z = 3, x + by — 6z = 2; 


3z = 5, x + 2y + 
— 4, 3x — 10y + 6z = 1, 6x + 8y — 92 = — 5; 

- d = 0, be + cy + az + d = 0, cx + ay + bz +d = 0 
b +o = 0, (ii) be + ca + ab — b? — oè — a? = 0. (a,b,c #.) 


(d) ax 4. by + cz 4 
Subject to (ija 4. 


56, Circle at infinity 
Consider t 


5 he sphere whose equation is iven by (18.2). On the 
Introduction p q g y (18.2) 


of homogeneous coordinates this equation becomes 


O(a? 4 ye 4 2) + Qpxw + Qqyw + 2rzw + dw? = 0. (56.1) 
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We now ask: “Has the sphere any points at infinity ?”” That is, are 
there any points on the sphere whose fourth homogeneous coordinate 
is zero? The answer is provided by the solution of equation (56.1) 
together with w = 0. These two equations simplify to 


etpt+etaw=0. (56.2) 


Thus all spheres cut the plane at infinity in the same curve with 
equations (56.2). Since all plane sections of a sphere are circles, we 
call this curve the circle at infinity or absolute and it is generally 
denoted by Q. 

Conversely, if the general surface of the second degree 


ax? + by? + c2? + 2fyz + Qgzx 4- hay + 2Zpaw 
+ Qqyw + 2rzw + dw? = 0 


contains Q, then it is satisfied identically by equations (56.2). 
Hence f = g = h = 0 and a = b = c. Thus the surface is a sphere. 

The straight line at infinity in a plane cuts any circle of that 
plane in the two circular points of the plane. A plane cuts the circle 
at infinity in the two points of intersection of the line at infinity in 
the plane and Q. Thus a plane cuts Q in the two circular points 
lying in the plane. 

A line which intersects the circle at infinity is called an isotropic 
line. The line through A in the direction {}, m, n} is isotropic if the 
equations (w yx — xyw)/l = (wyy — yyw)/m = (wyz — 24%)!” of the 
straight line written in homogeneous coordinates and the equations 
x + y? + 2* = w = 0 of the circle at infinity are consistent. That 
is, if l? + m? + n? = 0. 

All isotropic lines through a point form a cone, called an isotropic 
cone. To obtain the equation of the isotropic cone through A, We 
eliminate l, m, n from (x — a,)/l = (y — y4)/m = (2 — zal” and 
P+ m? +n? = 0. The result is (x — x4)? + (y — ya)? + C — za) 
=0. Accordingly the isotropic cone ‘is identical with the point 
sphere at its vertex. 

A plane which touches the circle at infinity is called an isotro 
plane. The plane 2x + wy + vz + pw = 0 is isotropic if the equa- 
tions 2x + wy +z=0 and 22+ y2 + 2=0 have coincident 
solutions. The reader is asked to verify that the condition 18 
+ e+=. 


pic 
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By retaining a in equation (56.1) we may ask for the interpretation 
corresponding to a = 0. The sphere then degenerates to 


w(2px + 2qy + 2rz + dw) = 0. 
That is, a plane together with the plane at infinity must be regarded 
as a special case of a sphere. Of course, the centre at (— p/a, — qla, 
— rja) and the radius Vp? + q? + 7? — adja all tend to infinity. 


57. Circular sections of central quadric 


In homogeneous coordinates the central quadric (33.1) has the 
equation ax? + by? + cz? + dw? = 0. Its section by the plane at 
infinity is the conic ax? + by? + cz? = w = 0. This conic C cuts the 
circle Q at infinity x? + y? + 2? = w = 0 in four points P, Q, R, 8S 
(Fig. 19). P and Q are the circular points at infinity for any plane 


Fie. 19 


through PQ. This plane cuts the central quadric in a conic which 
Passes through the circular points. Thus this conic is a circle and 
BD PQ determines a pencil of parallel planes which cut the quadric 
m circular sections. Similarly there are five other such pencils of 
Parallel planes corresponding to PR, PS, QR, QS and RS. These 
Six lines are the degenerate members of the pencil of conics 
Gn? + by? + ez? — A(x? + y? + 2°?) = w = 0. The lines correspond 
to 2 =a, A= band 2 =c. Consequently the six pencils of parallel 
Planes of circular section are the parallels to 


(a — b)y® — (c — a)? = 0, (57.1) 
(b — c)z* — (a — b) = 0, (57.2) 
(e — ajx? — (b — c)y? = 0. (57.3) 


We have (a b) + (b 
1S not a surfac 


c) + (c — a) = 0. If the central quadric 
e of revolution, it follows that either one of a — b, 


62 ANALYTICAL QUADRICS 


b — c, c — ais positive and the other two negative or one is negative 
and the other two positive. Hence only one of the equations 
(57.1), (57.2) and (57.3) yields real planes. That is, a central quadric 
has only two pencils of plane circular sections. 

In the case of a quadric of revolution, b = ¢ (say) and the planes 
(57.1)-(57.3) become respectively y? +2? = 0, 22=0, x? = 0. 
That is, the points P, Q, R and S coincide in pairs. The planes 
y? + 2 = 0 correspond to coincident circular points and so do not 
give circular sections. Consequently, there is only one pencil of 
parallel planes of circular section of a central quadric of revolution. 
Furthermore, its section with the plane at infinity has double 
contact with the circle at infinity. 

The points of contact of tangent planes parallel to the planes of 
circular section are called umbilics. 


Example 4. Obtain the real parallel planes of circular section of the 
quadrics (a) 2x? + 3y? + 72% = 4, (b) a? — 3y? — 82? = 7, (c) a? +y? — 3e 


58. Paraboloid 


In homogeneous coordinates, the equation (44.1) of the paraboloid 
becomes ax? + by? + 2rzw = 0. The section by the plane at infinity 
is thus the line-pair az? + by? = w = 0. Hence the plane at 
infinity cuts the paraboloid in two generators. Accordingly, by $46 
the plane at infinity is a tangent plane to the paraboloid. The 
line-pair ax? + by? = w = 0 cuts Q the circle at infinity 2? + Y + 
2? = w = 0 in four points P,Q, R and S (Fig. 20). As in the previous 


Fie, 20 


section, the planes of circular section correspond to the degenerate 
members of the pencil of conics az? + by? — Aa? + y? + 2) =W ea 
0. The degeneracies give 2 = 0, 2a, A—b. The plane-p2" 


HOMOGENEOUS COORDINATES 63 


ax? + by? = 0 corresponding to 2 = 0 sets up the pencils of parallel 
Planes Vax + \/— by = constant and these planes cut the para- 
boloid (44.1) in generators since the equation may be written 
(Vax 4 V= by)(Vax V — by) 2rz. Therefore 2 = 0 does 
not yield circular sections (unless we include the degeneracy of a 
circle to a line together with the line at infinity). Thus there are 
four pencils of parallel planes of circular section parallel to 


(b — a)y? — az? = 0, (58.1) 
(a — bjx? — bz? = 0. (58.2) 


We easily verify that the elliptic paraboloid for which ab > 0 
Possesses two real pencils of plane circular sections, whilst the 
hyperbolic paraboloid for which ab < 0 has no real planes of circular 
section, 


For a paraboloid of revolution a = b and so there is only one 


Pencil of parallel planes of circular section, namely z = 0. The 
Section of the paraboloid with the plane at infinity is a double 


eng and so this section has double contact with the circle at 
Infinity, 


Example 5, 


Obtain the real llel planes of circular section of the 
Paraboloids (a) 9, real parallel pl 


x? + 25y? — 5z = 0, (b) 2? + 22? — 3y = 0. 


Miscellaneous examples 


2 q, Obtain the necessary and sufficient conditions that the three planes 


should ( 7+1=0, Jet pyt+vze+p=0, Bep poy + v2 + p? =0 
(e) fo (a) intersect in a unique finite point, (b) be parallel to a straight line, 
Ea a pencil of planes with a finite axis, given that no two of A, x, v, p are 


2.4 
de ge a nie the co 


Se<o< 


3, Calculate the coor 


2rz 


ordinates of the real umbilics of the quadrics ax? + by? 
9 (@<0) given (a) O0<a<b<c, (b) e<0<a<b, (c) 
a 


Ay y ‘dinates of the real umbilics of the paraboloid ax? + by? 
~ Ogiven 0 <a < b. 


1 Answers 


(a) Yes; (b) No. 3, (a) All parallel to the straight line 62 — 7 = 


Straight Ji = 2; (b) Intersect at (1, — 2, 2); (c) pencil of planes through the 
ii) latices 4 (æ — 1)/2 = (y — 2)/3 = (z — 3)/4; (d) (i) planes form a prism, 
a 4 VE form a pencil with a finite axis. 4. (a) x + 2z+p=0, (b) 
te=0 TP=0 (0) z+p=0. 5. (a) 4y E3z+p=0, (b) ay 
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Miscellaneous examples. 1. (a) 2 + x + v 40, (b) A+ u + v= 0, (c) 
impossible. 


aia PESSI 
2. w (da o dee), 
cd(b — a) bd(a — c) 
@) (0. EN abe — by’ ae B) 
-= — T 
ida — o) wea 
o (eda Ede, o). 


b—ar (a—b)r 
Si (o = a Ù 2ab ). 


CHAPTER VIII 
GENERAL QUADRIC A 


59. Quadric 


i h that their 
We define a quadric surface as the locus of points suc 


. second degree, 
Coordinates satisfy the most general equation of the 
namely 


2 2hxy 
= ax? + by? + ez? + 2fyz + 2gze + 
aiai + 2p + Qgy + 2rz +d = 0. (59.1) 


š s either a 
Tn chapter X, we shall show that this Sre ol 
central quadrie or a paraboloid moame n ee or intersects 
As in §§33 or 44, a straight line is either it d distinct, real and 
le quadric in two points which may be rea "a follows that any 
Coincident or conjugate complex. F — : ay degenerate to 
Plane section of a quadric is a conic which may 
a line-pair, z ly the 
There 7 nine effective constants in equation mt “iim in 
Tatios of the ten quantities a, b, c, d, f, g, h, ee iven points. If 
general, one unique quadric passes through FE is a generator. 
three of the nine points lie on a straight line, the skew generators. 
ence a quadric is uniquely determined by these ints and so in 
conic is determined uniquely by five of sh peer aw athe 
ral a unique quadric passes through a coni 
ts not in its plane. intersect in a straight 
a quadric Nea two conics, their planes inter es, sone 
line which cuts the quadric in two points Sapna * al or coinci- 
nt a Such conies have two points of E pinha 
ent or conjugate complex) and the pair of SOS 18 ber of quadries 
to eight given points, Consequently an infinite num ee E 
Pass through two conics which intersect in = ely- detarminad by 
two conies with one point in common are uniquely 
nine Pp 


ae ics is the 
oints, yet the only quadrie containing the two coni 
Plane-paip of the conics. 


gene 
Poin 
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60. Cofactor notation 


Introduce the two matrices 


A=|a k g p\; D=/ah g 


hobfq bh b f 
g fer TF 
pard 


Let A, B,C, D, F, G, H, P,Q, R denote the cofactors of a, b, ¢, d, 
Í. 9, h, p, q, r respectively in the determinant A, whilst 7, 2, 6, 
F, G, H denote the cofactors of a, b, c, J: 9, h, in the determinant 
D. Then there exist algebraic identities of the type 


aA+hH+9G+pP=A (60.1) 


obtained by multiplying the elements of a row of A by the corre- 
sponding cofactors, and 


hA + bH + 9G +qP =0 (60.2) 


obtained by multiplying the elements of a row of A by the cofactors 
of the elements of a different row. 
Further, we have identities} of the type 


al +h + 9G =D: hel + bX +fG=0. (60.3) 


Iri 
Example 1. Show that A = dD — (2p? + Bq? + Cr? + 2Far + ip 
+ 2%pq). Deduce that R(A) < 3 if R(D) = 1. 


61. Conjugate points 
Consider the quadric with the homogeneous equation 
F = F(x, y, z, w) = ax? + by? + c2? + 2fyz + Qger 
+ Qhay + 2pæw + Qqyw + 2rzw + dw? = 0. (61.1) 
For brevity, let us write 


== 7 . = 7 
Fa = Fey yy, zas w4); Fp = F(tp, Ymp tm Weh 


a la : a ow, 
adfa gy a 2] 
2 ‘A ar Ya yn Z4 az T A dwg 


t These identities are listed in full in Analytical Conics, pP- 76-7. 
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T= 1 E OF, ay oF, P oF a kan cza] 
-R Oy Oia Za ow 4 
(61.2) 
1 ar an OF oF 
204 a Ya ĉy we az ' Va dwl 


The coordinates of the point P which divides AB in the ratio 
9:7 are given by (53.2). This point lies on the quadric (61.1) if 


Prey + oxy, TY.4 + oyp 724 + O2Zp, TWy + owp) = 0. 


That is, 
Ey + 2roT sy + Fp = 0. (61.3) 


With the usual definition of conjugacy (see §§19 and 37) we obtain 
that the necessary and sufficient condition that A and B are 
Conjugate with respect to the quadric (61.1) is 74, = 0. 


Example 2. For what values of 4 are the points (1, 2, 2) and (A, a, 1) 
Conjugate with respect to the quadric yz + zx + ay = 1. 


62. Pole and polar 

Again, with the definitions in section 20, the polar plane of A has 
the equation Ta 

We now obtain the pole K+ of the plane Ax + uy + vz + pw = 0. 
This equation represents the same plane as Tg = 0. The comparison 
of coefficients yields 


1 ôFk 

3 Org = atg + hyg + gzg + pox = k), 
1 or 

= E = hag + byg + gee + qwg = ku, 
2 yg ‘ 
1 

3 H Juz + er + rwg = kn, 


1 ôP g 
2 dwr = Ptg + Wr +g + dwg = kp, 


Where % į 5 i 
te i is some factor of proportionality. In virtue of equations of 
ae 


EW i 
e use K instead of A to avoid confusion with the cofactor A. 
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the type (60.1) and (60.2) we verify that the solution of these 
equations is 
K = (Ad + Hu + Gr + Pp, H} + Bu + Fv + Qp, 
GA + Fu + Cv + Rp, Ph+ Qu + Rv + Dp). (62.1) 
The pole of the plane u, = Ay + my + nz + piw = 0 is at the 
point given by (62.1) with the suffix 1 on A, x, v and p. This point 
lies on t = Age + uay + vz + paw = 0, if 
Addy + Bushe + Crw, + Dpıpa + F(p + uon) 
+ Gry + Vy) + H(i + Ža) + P(Ayp2 + Asp) 
+ QUAsap2 + Hapi) + Rpa + vpi) = 0. (62.2) 
This relation is symmetrical in the suffices 1 and 2. Hence the 
pole of u, = 0 lies on the plane u, = 0. h 
When two planes are so situated that each passes through the 
pole of the other, they are called conjugate planes. Equation 


(62.2) states the necessary and sufficient condition that the two 
planes u, = 0 and u, = 0 be conjugate. 


z=1 
Example 3. Obtain the coordinates of the pole of the plane x + y + # 
with respect to the quadrie yz + zx + ay = 1. 


” o 
Example 4. Show that the polar plane of any point with respect to a com 
passes through its vertex. 


63. Tangent plane 


As in §21, we obtain that the tangent lines at a point A form Ms 
plane called the tangent plane with the equation T4 = 0. The ‘pore 
of a tangent plane is at its points of contact and so a tangent pa 
is self-conjugate. Hence from (62.2) the necessary and ene 
condition that 2x + uy + vz + pw = 0 be a tangent plane to t 
quadric (61.1) is 


ARP + Bu? + Cp? + Dp? + 2Fuv + 2G 
+ 2HAw + 2PAp + 2Qup + 2Rrp = 0 
he 
Example 5. Show that the plane ke- y + k% + 1= 0 touches th 
quadric xy = kz. 
64. Enveloping cone 


: as 
The line AB is a tangent to the quadric if equation (61-3) a 
coincident roots. That is, FF, — T 4g? = 0. Thus the aunty 
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Cone with vertex at A formed by all the tangent lines through A has 
the equation FaF — T? = 0. If the vertex A is a point at infinity, 
we refer to the enveloping cylinder. 

The polar plane of A intersects the quadric (61.1) in the conic 
given by 7, = F = 0. This conic lies on the cone F,F-T2=0. 
Therefore, the polar plane of A is the plane which passes through the 
Points of contact of all the tangent lines through A. 


Example 6. Find the locus of a point such that the enveloping cone from 
tho point to the quadrie yz + 2 + ay + 1 = 0 is cut by the 2-plane in a 
parabola, 


S Example 7. Obtain the equation of the enveloping cylinder to the quadric 
+y? + 227 = Lin the direction {1, — 1, 0}. 


65. Generators 


If the Straight line AB is a generator, then the equation (61.3) 
an identity and so F,= Fz = 14g = 0. Clearly A lies in the 
‘gent plane at B and B lies in the tangent plane at A. Thus a 
Senerator is the line of intersection of the tangent planes at any two 
Points on it. Hence a generator lies completely in the tangent plane 
pn any point on it. The tangent plane at A cuts the quadric in a 
paio which must in this case degenerate to a line-pair. Accordingly 
dere 18 a second generator through A. That is, the tangent plane at 
A pein intersects the quadric in two generators which may be real 
i distinct, real and coincident or complex conjugate. 
© general equation of the quadric through the two given skew 
ght lines Uy = Uy =0 and w= u,=0 where w; = Ae + 
MY + vz p: is i 


is 
ta 


Straj 


OttyUs +- Buys + yugus + Suguy = 0, (65.1) 


Sa this equation is quadratic and is satisfied identically when 
Den ag and when u, = u, = 0. Equation (65.1) still sat 
ag tan €ctive constants in keeping with the fact that the quadric 
a n made to satisfy six conditions. of 

© intersecting straight lines can be represented by t = “2 = 


ta = kun, + kyu, = 0. The equation 


Au 
tty Bulkr, + kua) + pusis 
A tug (Heyy + yta) + elkrii, + katta) = 0 (65.2) 
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is quadratic, vanishes identically when w= u, =0 and when 
Us = ky, + ky, = 0 and has four effective constants. Conse- 
quently it represents the quadric passing through the two inter- 
secting straight lines. 


Example 8. Obtain the equation of the quadric with the three generators 


(a) y= 0, z = 0; z=1,2 WE LE E] 3; 
(bj)a+yt2—-l=x+%—z-2=0; x-y+2%2z-3=a+y 
3z — 4 = 0; 3x — 5y — 4z — 8 = Qe + 4y + z+ 2=0. 


Example 9. Find the equation of tho quadric with the two generators 
x+y =y+z=0 and x+y +z — l= 2r + By z + 2 = 0 such that 
its section by the plane z = 0 is the parabola 5y? = 16%. 


66. Polar of a line 


As ¢ varies, the point 


(z4 + tty — t4), Ya + Hyp — Y4) za + Hey — za) 1) (66.1) 


always lies on the straight line AB. The polar plane of this point 
has the equation 


or 
{z4 + Uap — x4)} — 
ox 
ar oF , OF _ 
+ {va + tyg — Ya) g” 4 + teg — 24) BT w z 
That is, 
(l—O7, + tT, = 0. (66.2) 
Accordingly any point on the line 7, = Tp = 0 which is the oa 2 


the pencil of planes (66.2) is conjugate to any point on the line : 
Two lines such that all points on one line are conjugate to all points 
on the other are called mutual polars and each is called the polar 
line of the other. The polar line is the line of intersection of the 
polar planes of any two points on the line. 

If a line intersects its polar line, the point of intersectior a 
conjugate to all the points on both lines. Consequently the polar 
plane of this point is the plane determined by the two lines. This 
point lies in the plane and so the plane is a tangent plane with = 
point of contact at this point of intersection of the two polar Te 
Thus the lines are tangent lines to the quadric. 

Tf a line coincides with its polar line, all its points must lie on 
quadric. Hence the line must be a generator of the quadric. 


n is 


the 
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Example 10. Find the locus of the straight lines through A which are 
orthogonal to their polar lines with respect to the quadric ax? + by? + cz? 
+d=0, 


67. Conjugate lines 


Consider two straight lines AB and CD. The polar line of CD is 
given by To = Tp = 0. The line AB intersects this line if the point 
with coordinates (66.1) lies on T'o = 0 and Tp = 0 for some value 
of t. That is 


OF e oF 
fea + tlen — 2)" + Wa +e — Yad Ze 
a 


ye 
ôFo _ 3Fo 
i: f 2p —2,)h—o e Si 0, 
Fia he a e T 


together with the equation obtained on replacement of C by D. 
These equations simplify to Tac + t(Tre— fTac)=0 and 
Tap +L gp — Tap) = 0. The elimination of ¢ yields 


PacT gp = P avT po- (67.1) 


This equation is still valid if we interchange A and B with C and D 
respectively. Hence the polar line of AB intersects CD. 

Two lines such that each intersects the polar of the other are 
called conjugate lines. 


Example 11. If ABCD is a tetrahedron for which AB is conjugate to CD 
and AC is conjugate to BD, show that AD is conjugate to BC. Such a tetra- 
hedron ig gaid to be self-conjugate. (A self-polar tetrahedron by definition 
is one in which the polar plano of cach vertex is tho opposite face.) 


68. Conjugate diameters 


ir a he centre of a quadric is defined to be the pole of the plane at 
R Pa From (62.1) we see that the centre is at the point (P, Q, 
ody ne a finite point if D +0. It is worthy of note that the 


Coord; . 
"dinates of the centre satisfy the three equations 


Ai OF [eu = OF [ay = OF fêz = 0. 
A line through the 


a centre is called a diameter and a plane through 
. centre is called 


sect; ‘ a diametral plane. The centre, if a finite point, 
S all diameters because the centre and the point at infinity on 


e 
diameter are o 


st onjugate points. 
6 


US consider the case D 0. Any point on the diameter in the 
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direction {l, m, n} has the coordinates (P/D + lt, Q/D + mt, 
R/D + nt) and its polar plane has the equation 
p + u) (ax + hy + gz + p) + p ES mt) + by + fze+ 9) 
R 
+ (5 + nt) (ge + fy + ez + r) -+ pe + qy +rz+d=0. 


By equations of the type (60.1) and (60.2) this reduces to 


yh ôF ape 
Bae Aa TO 


0. 


That is, the polar planes form a pencil of planes parallel to the plane 


or oF or n 
KE praa kaa 68.1) 
laz t” ay +n = 0. ( 


Again, by (60.1) and (60.2) the coefficients of 1, m and n are all zero 
at the centre (P, Q, R, D). Hence (68.1) represents a diametral 
plane which is said to be conjugate to the direction {l, m, n}- 

In the diametral plane (68.1) choose any diameter. Its conjugate 
diametral planes will intersect (68.1) in another diameter. We say 
that the three diameters form a triple of conjugate diameters and 
the three planes determined by them a triple of conjugate diametral 
planes. 

Consider the three diameters of the central quadric az? + by? + 
+ cz? + d = 0 which have direction-ratios {l,, my, n}, {lo Ma n2 
and {I;, m3, ng}. The plane conjugate to {l,, m,, n} is ale + bmy 
+cmz=0. All the points on the diameter in the direction 
{la ma, my} lie in this plane if ally + bmm + cnm = 0. Hence 
the three directions {li mi, nj} for i= 1, 2, 3 determine a triple 
of conjugate diameters if 


all; + bmm; + cngny=0. (i Aj), (i,j =1,2,3)- (68-2) 


Consider the mid-points of all chords of the quadric parallel to = 
direction {l, m, n}. These points are conjugate to the point at infinity 
(l, m, n, 0) and so lie on the plane (68.1). That is, the locus of the gi 
pa is the diametral plane conj ugate to the direction 

, m, n}. 

Select any point A on a diameter of a quadric. Let this diameter 
cut the polar plane q of A at the point C. Then the polar plane aie 
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is parallel to the plane « and so the planes intersect in a line at 
infinity. Thus the polar of C with respect to the conic of intersection 
of the plane g and the quadric is the line at infinity in its own plane. 
Accordingly C is the centre of the section «. That is, the centres of 
all sections of a quadrie which are parallel to a diametral plane lie 
on the conjugate diameter. 

If D = 0, the centre is the point at infinity (P, Q, R, 0) and so the 
diameters are all parallel to the direction {P, Q, R}. It is still true 
that the mid-points of all chords parallel to {}, m, n} lie on the polar 
plane of (l, m, n, 0). That is, the locus of mid-points is the plane 
(68.1). We now say that this plane is the diametral plane conjugate 
to the direction {l, m, n}. 

The central quadrics (including the non-degenerate cones) have a 
unique finite centre, whilst the paraboloids have a unique centre at 
infinity. However, the elliptic and hyperbolic cylinders (including 
the non-parallel plane pairs) ax? + by? + d = 0 possess the finite 
line of centres v = y = 0. On the other hand, the parabolic cylinders 
by? + 2px = 0 have a line of centres y = w = 0 at infinity, Finally, 
a pair of parallel planes ax? + d = 0 has a plane of centres x = 0. 


Example 12. Show that conjugate diameters are also conjugate lines. 


Example 13. Prove that the sum of the squares of three conjugate semi- 
diameters of the ellipsoid x*/a? + y?/b? + 2%/c? = 1 is a? + b? + ct, 


Example 14, Show that the volume of the parallelepiped whose edges are 
threo conjugate semi-diameters of the ellipsoid x*/a* + y2/b? + 2%/c? = Lis abe, 
69. Principal diametral planes 


By definition, a principal diametral plane of a central quadric 
is orthogonal to its conjugate diameter which is then called a 


Principal axis. Hence equation (68.1) represents a principal 
diametral plane if 


al + hm + gn hl + bm + fn = gl + fm + en 


i a z = 2 (say). (69.1) 
That is, 
(a — Al + hm + gn = 0, 
hl 4- (b — 2)m + jn=0, 


(69.2) 
gl + fm + (c — An = 0. 
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The elimination of l, m and n yields the determinantal equation 


D,= | a—A h g = 0. 
| h b-i f (69.3) 
| g ds e—A| 


That is, 
yA) =B—(@+b4+02+(S+B+OI—D=0. (69-4) 


This equation is called the discriminating, cubic and has three 
roots A,, 2), 43 which correspond in general to three principal axes 
{li; My, My}, {lo, Ma, Ny} and {ly, Mg, ny} respectively. From the identity 


L(al, + hing + gn) + m, (hla + bm, + fing) + 14 (gly + fma + ene) 


= ly(al, + hm, + gry) + my(hly + bm, + fry) + no(gly + fm, + em) 
and (69.1) we obtain 
Žallila + mma + nyna) = 2,(lla -+ mma -+ nne). 


Consequently ll, + mma + nm, = 0 if 2, & dy. Hence principal 
axes are generally mutually orthogonal. 


Example 15. Show that the coordinate axes are the principal axes of the 
quadric az? + by? + ez? +d = 0, 


Example 16. Obtain the principal diametral planes of the quadrie 
2VB(yz — zx) + 2zy = 1, 


70. Discriminating cubic 


First we shall show that all the roots of the discriminating cubic 
are real. If a complex root 2 exists, the corresponding values of 
l:m:n cannot all be real. Let us write [*, m*, n* for the complex 
conjugates of l, m and n respectively. From (69.1) we obtain that 


AUE -+ mm* + nn*) = all* + bmm* + cnn* 


+ fimn* + m*n) + g(nl* + n*l) + h(lm* + i*m). 
But U*, mm*, nn*, mn* +. m*n, nl* + n*l, Im* 4+ l*m are all see! 


. y p 
and so 2 is real. Tt follows that the corresponding ratios /:7:% ane 


real. 
h Next we determine the condition that the discriminating 
‘as a repeated root. If 2 is a double root of (69.4) it is also a root 0 


cubic 
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the derived equation y'(å) = 322 — 2(a + b + c)A + (2 + Z + 8) 
= 0, which may be written 
{(b — Ae — 2) = S} + fle — Dla — 2) — G3 ; 
+ {(a — Ab — 2)— 2} =, + B, 4-6, =0, 
if we use the notation introduced in the Appendix p. 116. The 
inequality (A.1) then indicates that R(D,) < 1. 


If 2 is a triple root of (69.4) it is also a root of the second derived 
equation y”(2) = 62 — 2(a + b + c) = 0. That is, 


(a — 4) + (b — 2) + (e — 2) = 0. 


The inequality (A.2) of the Appendix then indicates that R(D,) = 0. 

Summing up, the discriminating cubic has a double root if 
R(D,) = 1 and a triple root if R(D,)=0. In the latter case 
@=b=c and f=g=h=0. That is, the quadric is a sphere. 
We shall sce later in §80 that a double root of the discriminating 
cubic corresponds to a surface of revolution. A similar result for the 
cone has already been obtained in §28. 


71. Circular sections 


As in §57, the circular sections are the sections by the pencils of 
parallel planes determined by the degenerate members of the pencil 
of conies at infinity 


ax? + by? + ez? + 2fyz + Qgza + 2hay 
—Aw+yY+2)=w=0. (71.1) 


The degeneracies correspond to the roots of the discriminating cubic 
D,=0. 
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The expression 


(a — Aja? + (b Ay? + (e — aj? 4 2fyz + Qgzx + Qhay 
has real factors if (b — Aye — 2) — f? < 0, (c 


Aa — å) — g9 < 0 
and (a — 2)(b — A) —h? <0. By addition it follows that y'(2) < 0. 
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The roots of y(4) = 0 are real and y(A) tends to + « as Å tends to 
+ œ and p(y) tends to — co as A tends to — œ. Except for scale, 
the graph of y = (x) is thus depicted in Fig. 21. We see that 
y'(A) > 0 at the smallest and largest root but y'(2) < 0 at the middle 
root. Hence real circular sections, if they exist, correspond to the 
middle root of the discriminating cubic. These circular sections only 
fail to exist if the circles degenerate. (Compare $58 on the hyperbolic 
paraboloid when 4 = 0 is the middle root.) 


Example 17. Obtain the real parallel planes of circular section of the 
quadrics (a) 2VB(yz — 22) + 2ey=1; (b)2 — ay = 1. 


72. Rank of matrix A 


The polar planes of the four points (1, 0, 0,0), (0, 1, 0, 0), (0, 0, 1, 0) 
and (0, 0, 0, 1) are respectively 


OF /éx = ax + hy + gz + pw = 0, 
OF dy = hu + by + fz + qw = 0, 
OF /éz = gx + fy + cz + rw = 0, 

OF [ow = px + qy + rz + dw = 0. 


These four planes will form a tetrahedron if R(A) = 4. 

If R(A) = 3, the four planes have a common point A whose 
coordinates satisfy the equations ôF ,/éx, = OF a/y = OF 4/024 = 
OF 4/@w4 = 0. Let B be any other point on the quadric. We car 
then set up Joachimsthal’s quadratic equation (61.3). We have 


2F 4 = 248P sox, + y,OF soy, + 240F lazy + wð F alwa = 9 


and so A lies on the quadric, Since B lies on the quadrie we have 
Fy = 0. Further 


2T 4p = tyOP 4êx4 + ypOF soy, + 2,0F 4/024 + wyOF lê ta = p: 
Hence (61.3) is an identity. That is, AB is a generator for ane 
point B on the quadric. Thus the quadric consists of straight line" 
through A. Accordingly the quadric is a cone with vertex at # 
(The cone becomes a cylinder if A is a point at infinity.) 
If R(A) = 2, the four planes have a line in common. 
ceding argument all points of this line lie on the quadric an 
line joining any point on the quadric to any point on this line 


By the pre- 
dso the 
must 
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be a generator. Consequently the quadric consists of two planes 
passing through this line. 

Finally if R(A) = 1, the four planes coincide and every point on 
the plane lies on the quadric. Further the line joining any point 
on the quadric to any point on this plane is a generator. That is, 
the quadric consists of two coincident planes. 


" , a, | 
Example 18. Examine the nature of the quadric (x cosg — y sin a) 
— (y cosx + zsin x)? + 2y — 1 = 0 as g varies. 


Miscellaneous examples 


1. Obtain the equation of the common enveloping cone of the two quadrics 
- xy + 2az = 0 and 2? + Jay + 2bz = 


2. Find the locus of the poles of planes through the extremities of three 
conjugate semi-diameters of the quadric x*/a? + y?/b? + 2*/e? = 1. 

3. Prove that the generators of the surface fyz + gzx + hay + fgh = 0 
through A are orthogonal if x4? + y4? + 242 = f? + g? + he, 

4. A variable quadric passes through the circle determined by the three 
fixed points (a, 0, 0), (0, a, 0) and (0, 0, a). The quadric has the x-axis and y- 
axis as generators. Obtain the locus of the centre of the quadric, 

5. Show that the two cylinders 4l? — 24xy +- 34y? = 25 and 25x? 
+ 40x2 -+ 342 = 9 have a common circular section. Find the equation of the 
plane of this circle and its radius. 


6. If —1<f<1, show that the real planes of circular section of 
the quadrie 2fyz -+ 222 — 2ry =1 are parallel to the planes fx + 
(+ Vi = f*y — =) = 0. What happens when f = + 1? 

7. Show that the section of the quadrie yz + 2x + ay = k by the plane 
he +. py + vz + p = 0 is a parabola if VZ + Vit Vr=0. 

8. If three straight lines are mutually skew and all parallel to a plane, 
show that all their transversals are mutually skew and parallel to a plane. 


9. Prove that the line of intersection of corresponding planes of two 
pencils of planes in homographic correspondence generate a quadric, which 
has the two axes as generators. 


Answers 


2. —1,1/3. 6. z=+l. 7. a + y? — 2° + 2yz + 2zx + Wey — 2 = 0. 
8. (a) 3yz + 82x + ay — 2y +- 3z = 0; (b) 9z? + 35y? — 3522 — T8yz 
— 222x + l6xy — 35x 2ly — 772 l4 = 0. 9. 5y? 122? 4- 5yz + 12zx 
— 16x + 16z=0. 10, The cone Ube(a — ay)(y4z — z4y) = 0. 16, x—y 


= Vez = 0, x+y=0 and V3x — V3y + V2 = 0. 17. (a) V2x — 
VI+ Vly + (V3 + l) +k = 0; bjr +ytz4+k=0. 18. Degenerates 
to a plane-pair if « = nm or to a cone (actually a cylinder) if % = (n + $r. 
Miscellaneous examples 1 {(a + b)z + 2ab}? 
. . 2 + Sabsy = 0. 
2. wa? + y2/b2 + ztje = 3. 4, Conic x — y = 222 + 922 a) N 


ae + zx — a(z + x 
=0. 5. 4a — 3y + 5z = 0,1. 6. Surface is of revolution, : i 


CHAPTER IX 
TRANSFORMATION OF AXES—INVARIANTS 


73. Translation of axes 


Let P (Fig. 22) have coordinates (x, y, z) referred to the OX, OY, 
OZ coordinate system (called the old coordinate system), and 


x 
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coordinates (7, 7, 2) referred to a new coordinate system OX , gi 
OZ obtained by drawing respective parallels through O to 0X, 0 i 
and OZ. We refer to this change or transformation of axes as ® 
translation of axes. 3 

Let the coordinates of the new origin O be (æ, f, y) referred to the 
old axes OX, OY, OZ. From the figure it is clear that 


a 
=t y= a= ty pan 


The inverse transformation is the translation back from the new 
axes to the old axes, and the corresponding equations are 
f=e-a; g=y—p; @=2-y. 
old axes: 
ö the new 
he surface 
o is the 


If f(x, y, 2) = 0 represents a surface with respect to the 
then f(E + a, F + B, 2+ y) = 0 is the equation referred t 
axes. On the other hand, if f(E, J, 2) = 0 is the equation of t 
with respect to the new axes, then f(z — a, y — B.2 —V) = 
equation referred to the old axes. 


78 
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74. Invariants of a quadratic form under translation 
The quadratic form in x, y, z and w = 1 is 


F(x, y, 2) = ax? + by? + ez? + Qfyz + Qgzx 
+ 2hxy + 2px + 2qy + 2rz +d. (74.1) 
We ask: “What functions of a, b, c, d, f, g, k, p, q, r are unaltered 


by a translation of axes?” These functions are called invariants 


of the quadratic form. Note carefully that invariants are not func- 
tions of x, y and z. 


The translation (73.1) transforms the quadratic form (74.1) into 


PUG, 9, 2) = al& + a)? + OG + B)2 + cE + y) 

+ 2f(9 + BME + y) + zg + yE + a) 

+ h(E + alg + P) + 2p(@ + a) + 2q(H + P) 
+ 2r(ž + y) +. 


Let us write 
PG, 9, 2) = ae? + by? + ce + 2f + 295% 
+ 2heg + 2pe + 207 + QF + d. 


By equating coefficients, the equation connecting the old coefñ- 
cients a, b, c, etc., and the new coefficients &, b, é, ete. are 


@=a; b=b; c=e; f=fi gG=gs h=h; 
P=aa+ hp +gy +p: T=ha+ bB+fy+a: 
=ga+ IB + ey +r: 

d= aa? + bB? + cy? + By + 2gya + 2haß + 2pa + qf} 


+ 2ry +d, 
= pa + GB + Fy + pa t+ gh + ry +d. 
The determinant 
S=\a i ap 
hobs |G 
@féeF 
DF d 
= "A h o ax + hB + gy +p if 
h $ ha + bB + fy tq 
a f e 


ga +SP +er+r 


aat AB +oy+p ha+bB+ey+r oa+fB+ey+r PatgB+Fy+pa+aB tryd 


` 
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Subtract « times the first column, f times the second column and y 

times the third column from the fourth column. Next repeat the 

same process with the rows. The resulting determinant is A. 
Accordingly we have the seven invariants a, b, c, f, g, h and A. 


Example 1. Prove that the quadrie F = 0 is a cone if A — 0. 


75. Rotation of axes 


A change of axes in which the origin remains fixed is called a 
rotation of axes. Let the point P (Fig. 23) have coordinates 
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(x, Y, 2) referred to the old axes OX , OY, OZ and coordinates 
(Z, J, 2) with respect to a new coordinate system of three mutually 
perpendicular lines OX, OF and OZ. Further, let the direction- 
cosines of the new axes with respect to the old axes be [lh, M "ah 
[ly, mg, no] and [ly, mg, ng] respectively. 

( oo OP on each of the old axes in turn and obtain in virtue of 
7.1), 


v= LE + ly + 1,2, 


Y = ME + my + më, gem 
2 = mË ++ nG + nz. 
We have 
EP bm? tm? = 1; daly piim E nny 03 
2 
le? + me + nf = 1: ll, + mgm, + nn, = 0; (15.2) 


B 2 
IP m? n=l; Ul, 4 MyM + Nng = 0. 


TRANSFORMATION OF AXES—INVARIANTS 81 
By means of these equations, we solve (75.1) and obtain 
= lx + my + nz, 
J= lye + my + ng, (75.3) 


Z= lye + myy + naz. 


These equations could have been written down immediately by 
noting that [J,, la, ls], [m Mg, mg] and [n], Ny, Ny] are the direction- 


cosines of the old axes with respect to the new axes. Hence we also 
have 


L +l +12 = 1; Mny + MN + Myg = 0; 
my? + mg? + my? = 1; mha + ele + ngl, = 0; 
My? + mg? + ny? = 1; Lm, +m, + yng = 0; 


Il 


We define the modulus of the rotation to be the determinant 


M= m nm 
la Mg Ng 
ls mM, m 
3 3 ahs 
We have 
MESH m mixin G b 
l m, ng m, M, m 
Ty my n| im m ny 
= |h? + m? + n? Ul, + mm, + nyna Ugh + mm, + rgny]=]1 0 0j=1. 
lila + mm, + Nna la + mF + n? laly + mams + nang 01 0 
lli + mym, + ny laly + mma + ngng l3? + ma + nè oo1 


Thus M = + 1l. For the identity rotation of the original right- 
handed system of axes into themselves, we have L = m= n=] 
and l = 1, = m, = m, = m na =0 and so M=+1. A 
rotation to another right-handed system of axes can be performed 
continuously. Therefore M must vary continuously. Hence 
M = + 1 forall rotations from a right-handed system of coordinates 
to any other right-handed system. M = — 1 corresponds to a change 


rom a right-handed system to a left-handed system or vice-versa. 


paola 2. Prove that l, = mm, Ma; My = Naly 
Ma. 


nals: n, = ms 
_ ample 3. Show that the equations @= i(a — 2y + 2z), ğ = 42a 
Tat 4.5 2), z = 120 + 2y + 2) represent a rotation of axes. Hence show that 
Y? + Bz? 4 dys + 4xy — 3 = 0 is the equation of an ellipsoid. 
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76. Invariants of quadratic form under rotation 
The rotation (75.1) will transform the quadratic form (74.1) into 
P = az + bp + ec + fyz + 2938 
-+ Qhegx -+ We -- 200 + 2Fz -|- d. 
For all rotations a? + y? + 2? = # + g? + 2 since each expression 


measures the square of the distance from the fixed origin, Thus for 
any given value of 2 the quadratic form 


U, = ax? + by? + c2 + 2fyz + 2gzx + Lhay — Ha? + y? + 2) 
transforms into 
Ü, = aa + by? + cH + Ofys + gza + hag — + P+ #)- 
Now U, = 0 factorizes and then represents a plane-pair if 
a—} h g =0. 
h b-d f 
g f Ga 
That is, 2 is a root of the discriminating cubic 
B—(@+ b+ QR +(L4+B+EOA—D=0. (76.1) 
Similarly U, = 0 factorizes and then represents a plane-pair if 
B-@+5402+(74+B+O1—D=0. (76.2) 


The equations U, = 0 and U a = 0 represent the same surface with 
respect to different coordinate axes. It follows that if U, = 0 
represents a plane-pair, Ū, = 0 must represent a plane-pair for the 
same value of 2, Hence the cubic equations (76.1) and (76.2) are 
identical and so we have found the invariants 


I=a4+b+4c; =4 +4246; D. 
Next consider the quadratic form 
F,=F-e+y~+24+)) 
which transforms under the rotation into 


F= P-e P+ e+ 1). 
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By §72 the quadrie F, = 0 represents a cone if 


a—i h g p =0. 
h b-—A f 4 
p f esä r 
p q r d—i 
That is, 
Mw... -(A+B4+C4 DA4+ A=0. (76.3) 


In this case F, = 0 also represents a cone for the same value of 4, 
which is now a root of the equation 


M~...—(44+84+64+D44+A=0. 
Hence 4+ B4+0+D=44+8+464+D and A=A. 
But D=DandsoA+B+C0=44+8+6. 


We have thus established that J, J, D, A and A + B +C are 
invariants under a rotation. 


77. General transformation of coordinates 


A triple of mutually orthogonal right-handed axes can be moved 
into coincidence with another triple of mutually orthogonal right- 
handed axes by a translation to the new origin followed by a suitable 
Totation of axes. We see from §§74 and 76 that 

kg DA (77.1) 
are invariants for this general coordinate transformation. (Note 
that A + B + C is not an invariant under translations.) 

These invariants are relative invariants because they are associ- 
ated with a quadratic form F and not with a surface F = 0. As in 
the theory of conics}, any function of the invariants, homogeneous 
of degree zero in a, b, c, d, f, g, h, p, q, r is an absolute invariant. 

n independent set of three absolute invariants could be taken to be 
IJ{D, 1 ?/J and I D/A. Any geometrical property which is indepen- 
dent of the choice of axes must be expressible in terms of the 
absolute invariants. 


t Example 4. Show that the degree of an equation is invariant under 
Tanslations and rotations of axes. 
_ Example 5. p 


5 rove that the roots of the discriminating cubic are relative 
Mvariants for trai 


nslations and rotations of axes. 


t Analytical Conics, p. 64. 


CHAPTER X 


CLASSIFICATION AND REDUCTION 
OF QUADRIC 


78. Equation of quadric 


We shall now justify the remark made in section 59 that the 
general equation of the second degree 


F = ax? + by? + c2? + 2fyz + 2gzx + hvy 
+ 2px + Qqy + 2rz + d = 0 (78-1) 


always represents a central quadric or paraboloid or one of their 


degeneracies. 

From the theory of conics}, we know that a rotation through the 
angle 4 tan~! {2h/(a — b)} about the z-axis will remove the product 
term in zy. Having removed this term, a suitable rotation about the 
new y-axis will remove the product term zx and similarly the term 
in yz can be removed by a third rotation. After these three rotations 
the equation of the surface takes the form 

i 2 
F = a'x’ + by? + oZ? 4 Qp'a! + Qg'y’ + r'e! +a’ =0. (78.2) 

Case I. Suppose a'b'c' 40. Then a translation to parallel z 
through (— p'/a', —q'/b’, —r'Jc’) changes the equation of the 
surface into 78.3) 

Pa p bg y eyd o. pa 
In this case (78.1) represents a central quadric. 


Case II. It may happen that the successive rotations which 
caused f’, g' and h’ to vanish also make one of a’, b' or c’ zero. bee 
is no loss of generality if we select c’ = 0 in (78.2). Suppose 7 A : 
and we see that a translation of axes to the new origin (— P a 
—q'[b', — d'|[2r' + p'?/2a'r' + q'?/2b'r') changes the equation oft 
surface to 78.4) 

P = aa + by? + 272 = 0. ( 
Now (78.1) represents a paraboloid. 


t Analytical Conics, p. 66. 
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It may happen that r’ = 0 whenc’ = 0. Ifso, translate to parallel 
axes through (— p’/a’, — q'/b’, 0) and the surface is represented by 


P= a2 + b7+d=0 (78.5) 
and is therefore an elliptic or hyperbolic cylinder if d #0 and a 
pair of planes intersecting in a finite line if d=0. 

Case III. Two of the coefficients a’, b', c' may be zero after the 
three initial rotations which make f’ = g' = W = 0. (Note that a’, 
6’, c’ cannot all be zero as then (78.2) is no longer quadratic.) Suppose 
that b’ = c’ = 0. Now translate to parallel axes through (— p’/a’, 
— d'/2q' + p'?/2aq’, 0) and the surface is given by 

F” = a'r"? + 29"y" + 2r"z" = 0. 


nyn 


Rotate about the x”-axis to make the straight line qy” + r"z" = x" 
= 0 the new g-axis and our equation reduces to 

P= a2 +297 =0 (78.6) 
which represents a parabolic cylinder if g 4 0 and a pair of coinci- 
dent planes if 7 = 0. 


Case IV, Finally, it may happen that g' = 7’ = 0 as well as 
=¢ = 0. The equation of the surface is now 


F’ =a'x? + 2p'x' + d' =0, (78.7) 


b 


which represents a pair of parallel planes. These planes coincide if 
p=d'=0, 

We have thus shown that (78.1) represents either a central 
quadric, paraboloid, cone, elliptic, hyperbolic or parabolic cyclinder 
ora plane-pair. 

Example 1. By making the appropriate translations and rotations, show 


that the equation æt + y? 4- at + yz + zæ -+ ay be -ty +e2— 1 = 0 repre- 


Sents an ellipsoid, whose equation referred to its principal axis is 16x* 4- 4y? 
+ 422 — 1] = 0, 


79, Classification of quadrics 


tt may classify a quadric by considering the position of its 
te which is at the point (P, Q, R, D). The quadric is (see $68): 
(i) a central quadrie or cone (excluding cylinder) if there exists 

a unique finite centre ; 


ii ‘i was z i TE 
(ii) a paraboloid if there exists a unique centre at infinity; 
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(iii) an elliptic or hyperbolic cylinder if there exists a finite line of 

centres ; 

(iv) a parabolic cylinder if there exists a line of centres at infinity; 

(v) a pair of parallel planes if there exists a plane of centres. 

The polar plane of the centre is the plane at infinity and so the 
centre lies on the polar planes of the three points at infinity 
(1, 0, 0, 0), (0, 1, 0, 0) and (0, 0, 1, 0). That is, the coordinates of the 
centre satisfy the three equations 

OF /éx = ax + hy + gz + pw = 0, 
OF /éy = ha + by + fz + qw = 0, (79.1) 
OF [éz = gx + fy + cz + rw = 0. 

We have already investigated in section 55 all cases of the inter- 
section of three planes and summarized the results in the table on 
page 59. For equations (79.1) the corresponding matrices are 

U=fa h g p andV=/a h g\=D. 
hbfq hb f 
fer gfe 

Further, we have shown in §72 that the quadric F = 0 degenerates 
to a cone (including cylinder) if (A) = 3, to a plane-pair if R(A) = 4 
and a coincident pair of planes if R(A) = 1. 

Since D is a sub-matrix of A, we always have R(D) S R(A). 
Also, by Example 1, §60, we have that R(A) < 3 if R(D) = 1. 

The classification of the quadric now follows: 

Case I. If @F/éx = 0, aF/éy = 0, aF/éz = 0 intersect at a oe” 
finite point, then R(D) = 3, and the quadric is a central quadric 
R(A) = 4 but a cone (excluding cylinder) if R(A) = 3- 


f re at 
Case II. If the three planes (79.1) intersect at a unique ee r 
infinity R(D)=2. Accordingly the quadric is a paraboloi 
R(A) = 4. 
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Case IV. If the three planes (79.1) intersect in a line at infinity, 
the three planes are parallel and we have R(D) = 1 and R(U) = 2. 
Thus R(A) <3. If R(A) = 8 the quadric is a cone (including 


cylinder) with a line of centres at infinity and so is a parabolic 
cylinder, 


Case V. If the three planes (79.1) coincide, we have R(D) = 1 and 
R(U) = 1. Therefore R(A) = 2 or 1. The former must correspond 


to a pair of parallel planes and the latter to a pair of coincident 
planes. 


These results are conveniently summarized in the following 
table: 


Rank oF MATRIX A 


Central quadric | Cone 


3 
2 


Paraboloid Elliptic or Plane-pair inter- 
hyperbolic secting ina 
cylinder finite line 


1 


Rank or Matrix D 


Parabolic Parallel plane- Coincident 
cylinder pair plane-pair 


We now proceed to examine the cases individually. 


Example 2. Classify the quadries given by the following equations: 
(a) a? ++ 2yz — de + Gy + 2z = 0, 

(0) 2? — 284 2yz — wy —a —y +2 =0, 

(c) 2a? — y? 4. 3yz — ay — 1 = 0, 

(2) 5a? +. Y? + 22 — dew + 2xy + 2x + 2y = 0, 

(e) 2x — Y? — 2? + Qyz + Sex — Szy + 2y + 4z = 0, 
(F) dy? — dyz + dex 


day 2x +- 2y 1 0, 
a 27a? — 4y? 4. 362% + Tw + l2my — Gx + 4y — 1 = 0, 
(A) dat + 9ye 4. 162? 4+. 24yz + 102w + 12ey + Qe + dy + Ge +1 = 0. 


8 
0. Central quadric and cone 


The quadric F 


st: = 0, by rotations and translations, takes the 
Standard form (78. 


3), namely 


7 (20 Pp.) 
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From the theory (§77) of relative invariants, we have 


ā+b+č=a+b+c=I1 
b+ atabe 
abe = D 
abed = A. 
Thus d, 6, č are the roots 2,, 2», Ay of the discriminating cubic 


equation 
B—I122+J1—-D=0 (80.1) 


and d = A/D. We say that the reduced equation of the quadric is 
Aye? + 2y? + 2322 + A/D = 0. (80.2) 


We may drop the bars on 2, y, z provided that there is no chance 
of confusion with the old coordinate system. , 

The quadric is clearly a surface of revolution if the discriminating 
cubic has a double root (compare §70). 


Example 3. Obtain the reduced equations of the quadrics in Example 
2(a) and (c). 
81. Paraboloid 


We have D = 0 and the equation of the quadrie can be simplified 
to (78.4), namely 


a + by* + 272 = 0. 
The theory of relative invariants now yields 


@+b=a+b+c=aI 
b=A4+ B46 =J 
— ab = A. 
Thus d, b are the two non-zero roots Ay, dy of the discriminating 


i d 
cubic (80.1), and F= 4 yZ AJJ. We say that the pane 
equation of the paraboloid is 


——— hi 
Aya? + hy? = 2V Z Af z. 61D) 


The reader is asked to verify the identities 


AD — P = AA; BD —@ =A; CD — R=@A. 
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For the paraboloid D = 0 and so by addition (2 + Z + @)A <0. 
Hence J A is negative and consequently V — AJJ is real. 

By considering the paraboloid in its standard form az? + by? -+ 
2rz = 0, it follows immediately that the normal at the vertex passes 
through its centre at infinity. The normal at A to (78.1) has the 
equations (wy — x 4w)/(OF [0x 4) = (way — y.qv)|(OF 4/2y4) = 
(wyz — z4w)/(3F 4/@z,4) and so passes through the centre (P, Q, R, 0) 
if P/(@F 4/@xy) = Q/(@F a/y 4) = R/(@F 4/éz4). Hence the vertex 
of a paraboloid is obtained by solving for the finite root of the 


equations 
oF oF / oF / 
— = Q B: F =Q: 81.2 

ex i ey ? Oz ( ) 


Example 4. Obtain the reduced equations of the quadrics in Example 2(b) 
and (e). 


82. Elliptic and hyperbolic cylinder 


The equation of the quadric in this case simplifies to (78.5), 
namely 


āz? + bg? + d = 0. (82.1) 

Again the theory of relative invariants shows that a, b are the 
two non-zero roots of the discriminating cubic (80.1). We cannot 
compute d directly since both D and A are zero. It is convenient, 


however, to consider the intermediate equation (78.2) which has 
the form 


ax? + by’? 4 Qp'a' + A'Y +d! = 0, (82.2) 


This equation is derived from (78.1) by rotations without any 
translations. Therefore, we may use the invariance of A + B +0 
(compare §76) to yield 


abd —b'p® —a'g?= A+ B 46. 
We may write (82.2) 
a’ (a! + p'le’) + b'(y' ues q'o) +d — p”°?Ja' — qb" =i. 


Hence the translation which puts this e 
requires that 


fg 2 T AtBI0 At bee 
~ $ a'b' A+BLE 


quation into the form (82.1) 
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Since P = Q = R = D = 0 (§79, Case III), we have by identities 
of type (60.1) and (60.2) that 
ad +hH +gG=0; hA+ dH 4 Jo {= 0: 

Elimination of G yields FA — GH = 0. But AF —HG = fD = 0. 
Therefore A/Z = H|. By symmetry we have 

A B @ F &G H A+B+4+C 

LBC F G HZH AABIG 


and so the reduced equation of the elliptic or parabolic cylinder is 
Aya? + A? + Ale = 0. (82.3) 


This case includes for A/.o/ = 0 the case of a plane pair intersecting 
in a finite straight line. 


hie Ad 
Example 5. Obtain the reduced equations of the quadries in Example 2(@) 


(f) and (9). 


83. Parabolic cylinder and parallel plane-pair 

It is best to tackle the case R(D) = 1 without invariant theory: 
The terms of the second degree now form a perfect square. Since 
be = f?, ca = g?, ab = k? it follows that a,b and c have the same o 
and we shall assume that the sign is positive. (If not, consider en 
equation — F = 0 of the quadric.) We may, therefore, write tne 
equation of the quadric (78.1) in the form 


(Vax + Voy + Vez)? -+ 2px + 2qy + 2rz + d = 0. 
-a 0 
This equation is of the type a2 -+ 2ğğ = 0 where € = 0 and ¥ “il 
represent planes, but these planes may not be mutually orthogon®™ 

Let us re-write this equation 

(Vax + Vby + Vez + hy? 
= ~ - 3.1 

= (kVa — pje + Akv Qy + Ukve — r)z + k — 4 G 


and choose k so that the planes 


u = Var + Voy + Vet k= 0, 
— a — 2 => 0, 
v = AkVa — pje + Ak Vb — gy + AkVe — rje +B — d 


are mutually orthogonal. This yields 


k = (pVa + qvb + rVe)[(a +b + c6). 
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Now choose « = 0 and v = 0 as the new coordinate planes ¢ = 0 
and 7 = 0. Then 


uja +b +c; 
J= v2 [Va — p} + (Vb — 9)? + (Vo — rF, 


and the equation of the parabolic cylinder reduces on dropping the 
bars to a 
& = doy 


where 


o= Jiva — p) + (Vb — q)? + Ve — HFAa +b + 0). 


By Lagrange’s identity (6.3) with J, = Va, m, = Vb, m = Ve, 
l = kVa — p, m = kVb —q, na = kVc—r and noting that 
lila + mmg + nm, = 0, we readily obtain 


1 {ave =r Vb) + (rVa — pve}*+ (pVb — gVa)2\* (83.2) 
2 j (a +b + c)? i 


From (83.1) we see that the parabolic cylinder reduces to a pair 
of parallel planes if kVa — p = kV/b — q = kVc — r = 0, and the 
reader is asked to verify that the reduced equation is 


x? = (p? — ad)ja(a + b +c). 
Clearly the reduced equation of coincident planes is x? = 0, 


Example 6. Obtain the reduced equation of the quadrie in Example 2(h). 


Miscellaneous examples 


1. Show that the locus of point: 


s equidistant from two given skew straight 
lines is a hyperbolic paraboloid. 


2. Prove that the normals to a quadric along a generator, 
hyperbolic paraboloid whose principal sections are equal parabola 

3. Find the vertex of the paraboloid x? +- 
and also obtain its reduced equation. 


4. Obtain the equations of the hyperboloids of revolution whi 
through the origin and have the two generatorsy = z — 
Further, reduce the equation of the hyperboloi 

5. Two circles, each of radius a, 
common line of these planes at th 


and one elliptic cylinder pass through the two circles and find their reduced 
equations. 


generate a 
o. 


(y cos æ +- z sin a)? + 2z = 1 


ch pass 
k=02524+h=0, 
ds to standard form. 
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6. Calculate the semi-vertical angle of the right circular cone yz + 2 
+ ay = 0. 

7. Show that the equation a(y — z)* + B(z — x)? + y(x — y)? = 1 repre- 
sents a cylinder which is hyperbolic when By + ya +- aß < 0 but real and 
elliptic if By + ya + a8 >0 and «+ f+ y>0. What happens when 
By + ya + aß = 07 

8. If a+b+c#0, show that the equation a(z? + 2yz) + b(y? + 220) 
+ e(z? + 2ay) = 1 represents a hyperboloid. Discuss the case a +- c 


Answers 

2. (a) Central quadric, (b) paraboloid, (c) central quadric, (d) elliptic or 
hyperbolic cylinder, (e) paraboloid, (f) elliptic or hyperbolic cylinder, (9) 
plane pair with finite line of intersection, (h) parabolic cylinder. 3. ° -+ y* 
— 2? = 10, Qn? + 3V By? — 3V2? = 2, 4, B® — By? = z, 2a? — 2y? = 2V3 
5, Gx? + y? = 1, 6z? — 2y? = 1, 682? — 9y? = 0. 6. 841a? = 2V174y. 

Miscellaneous examples. 3. (0, — tan a(l -+ }cos?a), $cos? æ), 2 
+y? = 2zcosa. 4. xy + ælz— k) + ylz + k) = 0. x +y — [l 2h. 
5, a? + 2y? = 2V2az, a? + 2y? = aè. 6, tan V2. 7. Parallel plane-pair. 
8. Hyperbolic cylinder. 


CHAPTER XI 
FOCI—CONFOCALS 


84. Focus 
The locus of a point such that the square of its distance from a 
fixed point K is proportional to the product of its distances from 
the two fixed planes w, = Aye + uy + 42 + py = 0 and wy = Age 
++ fay + v2 + pa = 0 is the quadric 
(% — xR) + U — yx)? + (@ — 2x)? 
— kaye + py + 42 + py)(Age + HY + VZ + pg) = 0. (84.1) 


We call K a focus and the line of intersection of the planes u, = 0 
and ug = 0 is called the directrix corresponding to the focus K. 

We may now ask: “Has the quadrie F = 0 any foci?” If so, we 
can write 


F = Xe — tg)? + (Y — yr)? + (2 — zg)? — kuu}. (84.2) 


Hence the quadric 
D = F — M(x — tg)? + (Y — yg)? + (2 — Zg) } = — Alyy = 0 


is the plane-pair wu, = 0. The necessary and sufficient condition 
that P = 0 be a plane-pair (see §72) is that the 4 x 4 matrix 
formed by the coefficients of ® has rank two. In the next sections 
we obtain the foci of the central quadrics and paraboloids. 

It is of interest to note that the planes u, = 0 and ùg = 0 inter- 
sect the quadric given by (84.1) in circular sections. 

Translate axes so that K is the new origin. Let the equation of 
the quadric become F” = 0. By (84.1) we can write 


F' = (a? + y? + 2 — kugi) 


where 2, y, z are the coordinates referred to the new axes and 
Us = Age + Hay + M92 + pas Uy = Age + HaY + v + pa 
The tangent cone from the origin to the quadric is given by 
— Kpspq(a® + y? + 2 — kuzua) — Fe? (pyus + Pats)? = 0, 
93 
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which reduces to 
x? + Y? + 2% — K(pytty — pytts)*/4pyp4 = 0. 


The plane p34 — pxu = 0 passes through the origin and so a 
rotation of axes exists for which this equation transforms into 


X? + ¥24 (1 —a)Z? = 0. 


This equation represents a right circular cone with its axis along the 
z-axis. 

Thus, we have proved that the tangent cones from the foci to a 
quadric are right circular. 


Example 1. Prove that the locus of a point such that its distance from & 
fixed point equals its distance from a fixed plane cannot be a central quadric. 


85. Foci of central quadric 


If K is a focus of the central quadric ax? -+ by? + cz? + d = 0, then 
the quadric 


P =ar? + by? + cz? +d — A(x — xx)? + (y — yg) + (e — zr) = 9 


is a plane-pair and so 


Rila-—2 0 0 dex = 2. 
0 b-2 0 Mic 
0 0 c2 hig 


Reg lyg deg dA — Wag? + yg? + 2x?) 


Hence 4 = a or b or c. n 

Consider 2 = a and equate the right-hand top 3 x 3 determinant 
to zero yielding x, —=0. Finally equate the right-hand bottom 
3 x 3 determinant to zero. On reduction the result is 


aby x" Caz 1 
d(b—a) d¢e—a) ` 
Thus every point on the conic 


aby? caz? 
d(b — a) t d(c — a) 


is a focus of the central quadric. 


z= 0; 
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Similarly 2 =b and 2 = c¢ yield respectively that every point 
on the conics 
bez? aba? 


7 i 
ye -0T da — b) 


can? bey? a 
d(a—c)  d(b—c) 


z= 0; 


are also foci. These three conics are called the focal conics. 

There is no loss in generality, if we put d = — 1. Further let 
us write a = 1/A, b = 1/B, c = 1/C and the equations of the focal 
conics take the neat forms 


2 y? 
: 5.1 
Mans og ae aati 
a 2 
a ʻa =1 5.2 
y=0) z pL (85.2) 
—=1. (85.3) 


Since (B — C) + (C — A) + (A — B) = 0, it follows that two 
of the three quantities (B — C), (C — A), (A — B) are positive and 
one negative or two negative and one positive. Thus the focal 
conics comprise an ellipse, a hyperbola and a virtual ellipse. For 
example, if B — C and A — B are positive whilst C — A is negative 
the focal conics are respectively a virtual ellipse, a hyperbola and an 
ellipse. 


Example 2. Show that the directrix corresponding to the focus K lying on 
the conic (85.3) is the straight line v = Az,/(A — C); y = — Byx|(C — B). 


Example 3. Show that the focal conics of the quadrie of revolution 
ax? + ay? + cz? = 1 are the circle z = 0; a + y? = (c — a)/ca, and the axis 
of rotation x = y = 0. 


Example 4. Prove that the focal hyperbola passes through the real foci 
of the focal ellipse and vice-versa, 


Example 5. Prove that the real foci of a cone lie on the two straight lines 
through the vertex. 
C 


t A, B and C are not to be co: 


nfused with their previous designation 
certain cofactors, S ‘“ 


7A 


96 ANALYTICAL QUADRICS 


86. Foci of paraboloid 
If K is a focus of the paraboloid ax? + by? + 2rz = 0, the quadric 
D = ax? + by? + 2rz — Hle — xx)? + (Y — yx)? + @ — 2x)" } = 9 


is a plane-pair and so 


Rħja—} 0 (o) lig =2, 
0 b-2 0 lyg 
0 0 —2 dex +r 


hig Dy Deg er — Mag? + Yr’ + 2x") 


Hence 2 = a or b. Note that 2 = 0 leaves the matrix with rank four 
and must therefore be excluded. 

Consider 2 =a, The right-hand top 3 x 3 determinant yields 
«x =0, whilst the vanishing of the right-hand bottom 3 x 3 
determinant yields on reduction 


Thus every point on the parabola 


r(b — a) 
ab 


z=0; v= (2az + r) 
is a focus of the paraboloid. 

Similarly 2= 6 leads to the result that every point on the 
parabola 


= ng = H (2az + r) 
ab? 


is also a focus of the paraboloid. The two conics are called the 
focal parabolae of the paraboloid. : 

There is no loss in generality if we select r = — 1. Again write 
a=1/A and b= 1/B and the equations of the focal parabolae 
become 


y=0; 


(86.1) 
(86.2) 


x«=0; y?=(B— A)(2z — A), 
y=0; a? = (A — B)(2z — B). 


` solution 
Example 6. Show that the focal parabolae of the paraboloid of rev c 
degenerate to the axis of rotation. 


ee 
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87. Confocal central quadrics 


The central quadries are said to be confocal when they have the 
same three focal conics. From equations (85.1), (85.2) and (85.3) it 
is clear that the central quadrics 

x? y? z2 
i 1 87.1 
Lei F-4 OS ine 


form a confocal system of quadrics. Let us assume that A > B > 0. 
Then the quadric (87.1) is virtual for k > A, a hyperboloid of two 
sheets for A > k > B, a hyperboloid of one sheet for B > k>C 
and a real ellipsoid for k < C. The limiting cases k = A, B and O 
yield the focal conics. 

We now ask: “How many confocals of (87.1) pass through a given 
point P?” The answer is afforded by the solutions of the equation 
obtained by substituting the coordinates of P in equation (87.1). 
This equation can then be written 


yh) = (k — A)(k — B)(k — C) + xp(k — B)(k — C) 
+ yp?(k — C)(k — A) + zp°(k — A) — B) = 0. (87.2) 
We have 


k -0 Cc B | A 


wk) — ve + ve — ve | + ve 


Hence the cubic equation p(k) = 0 has three roots hy, ko, kg such that 
i<C<k<B<h <A. 


That is, in general, three confocals pass through a given point, one 
an ellipsoid, one a hyperboloid of one sheet and the other a hyper- 
boloid of two sheets. 

Consider the two confocals (87.1) through P corresponding to 
ky and ka Subtract the equations obtained by substituting the 
coordinates of P in (87.1) corresponding to k= k, and k= ky. 
Division by (k, — ky) 4 0 then yields 


2 


tp , Yp? i zp 0 
i = 
(4 = B(A =k) (B-B — k) OO hj 
We deduce that the tangent planes at P to the two confocals are 
orthogonal. Consequently the three confocals through a point have 
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a triple of mutually orthogonal tangent planes at the point. We say 
that the confocals form a triply orthogonal system of surfaces. 
The plane Ax + uy + vz + p=O is a tangent plane to the 
quadrie (87.1) if 
WA — k) + p(B — b) + 4C — 1) — p? = 0, 


and so only one confocal of a system touches a plane. 
Return to equation (87.2) which can be written 


(k — ki)(k — keg) (le — kg) = (k — A)(k — B)(k — C) 
+ «p(k — By(k —C) + yp(k — C)(k — A) 
+ zp?(k — A)(k — B) = 0. 
Substitute k = A, B and C in turn to obtain 
U kA — kA — ka),  ,  (B—&NB— ka) B — ki), 


2 


r (4—Byd—0) * (B — O/B — A) 

ap? (C —h)(C — ka)(C — Is) (87.3) 

(C — A)(C — B) 

Corresponding to a given point P, equation (87.3) yields a unique 
set of values of k, ky, ky. Conversely, given a set of values of ky, 
ky, kt, equations (87.3) determine the point P except for its octant 
in space. We say that (k,, kg, ky) are the elliptic coordinates of the 
point P. 


Example 7. Prove that two confocals of (87.1) touch a given straight line 
and that the tangent planes at the points of contact are orthogonal. 


Example 8. Show that the poles of a given plane with respect to a confocal 
system of central quadrics lie on the perpendicular to the given plane at the 
point of contact with a confocal of the system. 


Example 9. What surfaces are represented by the following equations D 
elliptic coordinates: (a) k, + k, -+ ka= constant, (b) kaka + kski + als 
= constant, (c) kikk = constant? 


88. Confocal paraboloids 


Two paraboloids are said to be confocal if they have the same two 
focal parabolae. By analogy with (87.1) let us investigate the system 
of paraboloids 2?/(A — k) + y?/(B — k) = 2z. The focal parabolae 
by (86.1) and (86.2) are x=0; y= (B — A) —A + b) Oe 
y = 0; x? = (A — B)(2z — B + k). It follows that the paraboloi 

m y? (88-1) 


i = 2z — k 
Iak Ba” 
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form a confocal system of paraboloids with the two focal parabolae 
(86.1) and (86.2). Let us assume that A > B. Then (88.1) is an 
elliptic paraboloid, vertex upwards, for k > A, a hyperbolic para- 
boloid for A > k > B andan elliptic paraboloid, vertex downwards, 
for k< B. The limiting cases k= A and B yield the two focal 
parabolae. 

If the confocal (88.1) passes through P, the cubic equation 
satisfied by k is 


yk) = k(k — A)(k — B) — xp%(k — B) — yp?(k — A) 
— 2zp(k — A)(k — B) = 0. (88.2) 


We have 


k — o B A ie) 


wie) — ve + ve — ve + ve 


Hence p(k) = 0 has three roots fy, Its, ky such that 
kı <B<k, <A <k. 


That is, in general, three confocals pass through a point, two being 
elliptic paraboloids and the third a hyperbolic paraboloid. 

The reader is asked to verify that confocal paraboloids form a 
triply orthogonal system of surfaces and that only one confocal of 
the system (88.1) touches a given plane. 

Return to equation (88.2) which can be written 


(k — Iy)(e — ka)(l — ka) 


= kk — A)(k — B) — xp%(k — B) — yp?(k — A) 
2zp(k — A)(k — B) = 0. 


Substitute k = A and B in turn and further equate the coefficient 
of k? and the results are 


(A —h)(A — k) (A — ka), 


2 
7 BA $ 
2 — (B= EB = ka)(B — ka), 
Yp AB 3 


ky th +hj—A—B 
2 
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We say that (kı, ko, ky) are the parabolic coordinates of the 
point P. 


Example 10. A pencil of parallel planes touches a system of confocal 
paraboloids. Show that the locus of the points of contact is a straight line 
which intersects both focal parabolae. 


Miscellaneous examples 

1, Obtain the real focal conics of the quadric æ? + 8yz = 1. 

2. Prove that the umbilics of a confocal system lie on the focal conics. 

3. The points L, L’ lying on the ellipsoids x*/a? + y*/b? + 2°/c° = 1 and 
aja’? + y2/b’? + z%/e? = 1 are said to be corresponding points if 2,/¢ 
= aya’, y,/b = ypb’ and zgje = zyj. For two pairs of corresponding 
points L, L’ and M, M’ show that LM’ = L’M when the ellipsoids are confocal. 

4, Show that the normals from a fixed point to a system of confocal central 


quadries generate a quadric cone. Is this result true for a confocal system of 
paraboloids ? 


5. Prove that the normals at P to the three quadrics through P confocal 
with a given central quadrie F form with the polar plane of P with respect to 
F a self-polar tetrahedron. 


6. Show that the principal axes of the tangent cone from a point to a quadric 
are the normals to the three confocals which pass through the vertex of the 
cone, 


7. If a straight line is orthogonal to its polar line, with respect to & central 
quadric, then it is also orthogonal to its polar line with respect to all the 
confocal quadrics. 

8. If the two quadries 2fyz + 2gzx + 2hxy = 1 and 2f’yz + 2g'zx + 2h’ay 
= 1 can be placed so that they are confocal, show that fgh/(f? + 9° + w) 
u g + W?) = 0 and figthi/(f? i gè + Ke + So WAL? + 9 
+ w3) = 1/27. 


Answers 
9. (a) Sphere a? + y? +2? = A + B +C — e, (b) Quadrie (B -+ 0e? + 
(C+ A)y? + (A + B)? = BC + CA + AB — e, (c) Quadric BCx? + CAy* + 
ABz = ABC — e, where e is the constant in question. 
Miscellaneous examples. 1, y + z= 4z? — 12y? — 3 = 0 and y — 7 
= 4x? + 20y? — 5 = 0. 


CHAPTER XII 
LINEAR SYSTEMS OF QUADRICS 


89. Pencil of quadrics 
Consider the two quadrics 
F = ax? + by? + c2? + 2fyz + 2gzx + Bhay 
+ 2px -+ 2qy + 2rz + d = 0, 
F = a't + bly? + ez + Of'yz + 2g'zx + Bh'ay 
+ 2p'w + 2q'y + 2r'z + d' = 0, 
and set up the equation 
F+kF'=0. (89.1) 


This equation is of the second degree in x and y and thus represents 
a quadric which passes through the curve of intersection F = F’ = 0 
of the quadrics F and F’. An arbitrary plane cuts the quadrics F 
and F’ in conics which have four common points. Consequently 
F + kF' = 0 represents a system of quadrics, called a pencil of 
quadries, passing through a space curve of the fourth order, called 
the base curve. 

Through any point, not on the base curve, there passes one and 
only one quadrie of the pencil because (89.1) is linear in k. 

From Section 64, the line AB touches the quadric (89.1) if 


(Fa + bP) Py + EFS) — (Lan + bP)? = 0. (89.2) 


This equation is quadratic in k and so in general two quadrics of 
a pencil touch a given straight line. If A lies on the base curve, the 
tangency condition (89.2) reduces to (14, + kT% p)? = 0. In this 
case only one quadric of the pencil touches the straight line and the 
point of contact is A since all quadrics of the pencil pass through A. 
If A and B both lie on the base curve, then one quadric of the 
pencil touches AB at the two points A and B. That is, AB is a 
generator. Finally AB may be a tangent to the base curve and so 
touches all quadrics of the pencil. Accordingly one quadric of the 
pencil has AB as a generator. 
101 
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The plane Av + wy + rz + p=0 touches the quadric (89.1) if 
the equation corresponding to (63.1) is satisfied. This equation is 
cubic in k and so three quadrics of a pencil touch a given plane. 
This number may be less than three if the plane bears some special 
relationship to the base curve. 


Example 1. Show that the polar planes of a fixed point with respect to 
the quadries of a pencil form a pencil of planes. 


Example 2. Show that the locus of the polar lines of a fixed line with 
respect to the quadrics of a pencil is a quadric. 


90. Self-polar tetrahedron of a pencil of quadrics 
The quadric F + kF’ = 0 is a cone (including degeneracies) if 
a+ kao h+k g+kg’ p+kp' |=0. 
h+kh' b+kb' fhf q+ikq' 
gtkg fH c+ke r+hkr' 
ptkp’ qtka rt+ikr’ d+ ka 


(90.1) 


This equation is of the fourth degree in k and so in general a 
pencil of quadrics contains four cones. If this equation reduces to an 
identity all quadrics of the pencil are cones. 

The vertex A of the cone corresponding to the root k (see §72) 
satisfies the equations 


OF, oF, Fi 

Oxy Ox. = oy 4 
oF , ; Sih aR, o. (90.2) 
za ôw a 


The equation of the polar plane of A with respect to the quadric 
F + «I = 0 of the pencil is 


oF, oF" ys 
( dta A), + (aa Hë a4), 
êta ôt ey 4 ey a 
(Z aF’, ) „ôF, OF4 _ 9, 
P = 


+a- t Ta 
Oz4 024 ow, ew, 


Substitution from (90.2) followed by division by (a — k) yields 
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That is, the polar planes of 4 with respect to all quadrics of the 
pencil are identical. Accordingly, the vertices of the four cones of a 
pencil of quadries form a self-polar tetrahedron with respect to all 
quadries of the pencil. 


Example 3. Prove that every quadric of the pencil determined by the two 
quadries y? — zx + a = 0 and a? + y? + 2zx = 0 is a cone. Further, show 
that the only degenerate cones of the pencil are an elliptic cylinder and a 
plane-pair. 


91. Contact of quadrics 


(a) Single contact. If the base curve has a double point with 
distinct tangents, the quadrics of the pencil all touch these two 
tangent lines and so have a common tangent plane at the double 
point. Any two quadrics of the pencil are said to have single 
contact with one another. 


(b) Double contact. When the quadric F’ degenerates to the 
plane-pair uv = 0 whose line of intersection is not a generator of F, 
the base curve degenerates to the two conics F = u = 0 and F = v 
= 0. These two conics intersect at the points A and B where the 
line of intersection of their planes cuts F. The tangents to the base 
curve at A and B touch all quadrics of the pencil and so they have 
two common tangent lines at both A and B. That is, all quadrics 
of the pencil have two common tangent planes at A and B. Any 
two quadries of the pencil are said to have double contact with one 
another, 


(c) Stationary contact. A limiting case of double contact occurs 
when the line of intersection of the planes « = 0 and v = 0 touches 
the quadrie F = 0. Then the two conics possess only one point of 
intersection but have a common tangent there. Any two quadrics 
of the pencil are said to have stationary contact with one another. 


(d) Triple contact. If the base curve consists of a conic and two 
intersecting lines which cut the conic in distinct points A and B, all 
quadries of the pencil have a common tangent plane at A, B and the 
Point of intersection of the lines. Any two quadrics of the pencil 
are said to have triple contact with one another. 


(e) Ring contact. When the quadric F’ degenerates to the coinci- 
dent plane-pair 1? = 0, the base curve becomes the conic F = u = 0 
repeated twice. Since a(u®)/20 = 2uéu/20 = 0 at all points of the 
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plane u = 0, it follows that all the quadrics F + ku? = 0 have 
common tangent planes at all points of the base curve. Any two 
quadrics of the pencil are said to have ring contact with one 
another. 


(f) Quadruple contact. Now let F and F’ degenerate to the 
plane-pairs ww = Oand w'v' = 0, where the straight lines u = u’ = 0, 
u=v'=0,v=w = 0 and v= v = 0 are distinct and form a 
skew quadrilateral. All quadrics of the pencil w + ku'v' = 0 
contain these four lines as generators and they form the base curve- 
All quadrics of the pencil have two common generators at the four 
vertices of the skew quadrilateral and so have a common tangent 
plane there. That is, all quadrics of the pencil contain four common 
generators and have common tangent planes at the four points 
of intersection of the generators. Any two quadrics of the pencil 
are said to have quadruple contact. f 

Other cases of contact occur corresponding to the following 
degeneracies of the base curve: (i) the repeated conic of ring 
contact degenerates to two straight lines; (ii) a straight line and a 
space cubic. In this case the straight line must be a chord of the 
cubic and the quadrics of the pencil have double contact at the points 
of intersection of the chord and the cubic; (iii) two opposite sides ° 
the skew quadrilateral of quadruple contact coincide; (iv) a quartie 
curve with a cusp; (v) a conic and two straight lines intersecting 
each other on the conic; (vi) a space cubic and a tangent to the space 
cubic. 


Example 4. Show that the pencil of quadries F + kuv = 0 contains only 
two cones or an infinite number of cones. 


$ ird 
Example 5. Prove that two quadrics which have ring contact with a thir 
quadric have double contact with one another. 


Example 6, Investigate the nature of the section of the quadrics 
(i) a? + 22? + dyz + dry — 2x + 4z + 1=0, 
T? + 2y? + don + Or + 4y+1=0. 
(ii) 32? + y? + 82% — Qem — Qny + de — 2y + 22 —1=0. 
w+ y? + 822 — yz + de + 1 = 0, 


92. Associated points 
he form 


Any quadric through seven given points can be written in t 
(92-1) 


PLP +P" =0 
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since the conditions that the quadric passes through two other 
points yield two linear equations in k and k’ which have in general a 
unique solution. However, the three equations F = F’ = F” = 0 
have eight solutions and so every quadric through seven given points 
also passes through an eighth fixed point. Eight such points are 
said to be associated points. 


Example 7. Show that the polar plane of a fixed point with respect to all 
the quadries through seven fixed points, passes through another fixed point. 


Example 8. 4,A,4,4,, B,B,B,B, are two tetrahedra such that A, As 
Ay, A, lio respectively in the planes B,B,B,, ByB,B,, ByB,B., B,B,B;, and 
Bı, B}, B, lie respectively in the planes A,4,4,, AsAyA,, AAA Show that 
B, lies in the plane 4,4,4. 


Miscellaneous examples 


1. Show that a pencil of quadrics having double contact with one another 
exist through the parabola x? — day — a? = z = 0 and the circle x* + z? 
=a = y= 0. 

How many (a) cones, (b) paraboloids are there in this pencil? Further, 
Prove that the locus of the centres of all quadrics of the pencil is the parabola 
2? + 2ay =x = 0. 

2. Prove that a pencil of quadrics in ring contact contains only one cone 
and one paraboloid. Obtain the condition that the cone of the pencil 
F + kde + uy + vz + p)? = 0 be a cylinder. 

_ 3. Show that two quadric cylinders can be drawn through the curve of 
Intersection of the surfaces a? + y? + 222 + 2az = 0 and 2z? — 2Qry = 0. 
Obtain their reduced equations. 


4. If a quadric has ring contact with a sphere, show that the tangent 
Planes to the sphere eut the quadric in conics which have a focus at the point 
of contact. 


5. Show that the planes w, = 0, tg = 0, uy = 0, u, = 0 form a self-polar 
tetrahedron with respect to the quadric kyu," + katta? + guy? + kyu? = 0. 

6. Prove that the quadrics through the vertices of a hexahedron whose 
©pposite faces are given by u, = 0, v, = 0; u, = 0, v, = 0; ug = 0, % = 0 
respectively have the equation h,w,v, + katata + kgugvy = 0. 


we that the vertices of a hexahedron form a set of eight associated 
ints, 


7. Obtain the equation of the cone whose vertex is at A and which has the 
Section u = F = 0, 
li Hence, show that this cone cuts the quadrie F = 0 in another conic which 
tes in the plane Fyu — 2u,T, = 0. 


Answers 


q Miscellaneous examples. 1, (a) two, (b) one. 2. A(o//? + Bu? + €r? 

Fi oni, + 2GyA + 29/)) = D(A}? + Bu? + Cv? + Dp? + 2F uy + 240A 

F as + 2PAp + 2Qup + 2Rvp). 3. 9x? + 6y? = a? and 2r? + y? = aè. 
UP + Fiut — 2u4T u = 0. 


CHAPTER XIII 
PLANE-COORDINATES 


93. Plane-coordinates 


The plane w=dx+ uy + vrz- pw=0 determines and is 
determined by the ratios 2::v:p. Accordingly, we may say that 
A, 4, v and p are homogeneous plane-coordinates of the plane 
w= 0. We shall refer to it as the plane (2, x, v, p). It will be 
convenient to denote the particular plane a by (Aq; Has Yar Pa): . 

The equation 2 + yau + 247 + wap = 0 states that the pol a 
A lies on the plane (A, x, v, p). Consequently this linear equation 
in A, u, v and p defines the bundle of planes with vertex at A. From 
another point of view we can say that this linear equation defines 
the point A. That is, in plane-coordinates a point is to be regarded 
as the vertex of the bundle formed by all planes through it. 

Two linear equations #44 + ygu + 247 + wp = 0 and tgh i 
Ygl + Zg” + wgp = 0 represent respectively the bundle of planes 
through A and B. The combined equations then select the pencil 
of planes having AB as axis. That is, two linear equations define 
a straight line regarded as the axis of the pencil of planes through it. 

Three linear equations yA + Yalt + zar + wap = 0, ayh + 
Yel + Zg? + Wep = Oand voh + you + zor + wep = 0 will repre- 


sent the plane A BC provided that A, B and C are not collinear. In 
the latter case, they merely represent the straight line A BC. 
š =0 
Example 1. Show that the equation of the point where the line u, = “2 
cuts the plane u, = 0 is 
A upv pl=0, 
A i om py 
As He Ye pa 
As Hs "a pa 
94. Principle of duality 
=0 


We have considered the equation u = Ax + py + vz + pe = 
106 
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from two points of view. In point-coordinates we take 2, u, 7, p as 
constants and u = 0 represents all the points (x, y, z, w) which lie on 
the given plane (2, 4, v, p). On the other hand, in plane-coordinates 
we take x, y, z, w as constants and u = 0 represents all the planes 
(A, u, v», p) which pass through the fixed point (x, y, z, w). Thus 
there is a duality between a plane considered as its totality of points 
and a point considered as the bundle of planes through the point as 
vertex. 

An algebraical result then has two interpretations according as 
we choose x, y, z, w as point-coordinates or plane-coordinates. Two 
such results are said to be dual to one another, and the principle 
Which allows this is called the principle of duality. 

A straight line can be considered as either the totality of its 
range of points or the axis of a pencil of planes and so a straight line 
is self-dual. 


95. Quadric envelope 
In §63 we proved that the plane 2x + uy + rz + pw = 0 is a 
tangent plane to the quadric 
F = ax? 4 by? + c2? + dw? + 2fyz + 2gex 
+ 2hay + 2prw 4- 2qyw + 2rzw = 0 (95.1) 
if 
2 = A}? + Bu? + Or? + Dp? + 2Fur + 260d 
+ 2H2u + 2PAp + 2Qup + 2Rrp = 0. (95.2) 


That is, a quadratic equation in 2, x, v and p determines all the 
tangent planes of a quadric. We refer to the totality of tangent 
planes of a quadric as a quadric envelope and it is dual to 
the quadric regarded as the totality of all its points. We also say 
that (95.2) is the tangential equation of the quadric (95.1). 
Another mode of expression is that the envelope of the family 
oF planes 2e + uy + vz + pw=0 subject to the condition 

=0 is the quadric F= 0 and that €= 0 is its tangential 
equation. 

The point equation (95.1) can be obtained from the tangential 


Sapati (95.2) by means of the identities 
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il 
a 
k 


Dro argo DYM 


S 
m 


= — pAr; 


il 


— hA’; 


TRE YRAN Paa yr OD 
Sy yh FQ OM OHO BAK 
FAQ DKO VR bow dO 
vub RNY YaN QMA YO 


Example 2. Prove (i) | A 
H 
a 


onon 


P 
(ii) the identities (95.3) 


Example 3. Obtain the point-equations of the following quadric envelopes: 


(i) aye + Bv + yiu — p = 0, 


(ii) 2? — 2uv + 2p = 0, 
(iii) A + Quy + WA + p? = 0. 
96. Conic 


An exceptional case of the quadric envelope arises when the 


matrix 
V=/|A H 
H B Q 
G F R 
FORD 


is of rank less than four. From Example 1 of the previous sect 


p 


aQ 


ion, 
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V = A? and so in this case A = 0 and a, b, c, d, f, g, h, p, q, 7 are 
not determined by equations (95.3). 

When R(A) = 3, the quadric F = 0 degenerates to a cone which 
has a singly infinite number of tangent planes all passing through 
the fixed vertex. Dually, we can then state that R(V) = 3 must 
correspond to a guadric envelope with a singly infinite number of 
points all lying in a fixed plane. Since the degree of the equation 
is two, the quadric envelope degenerates to a conic. 

The plane of the conic bears the same relation to the quadric 
envelope as the vertex of the cone does to the cone. Accordingly, 
the plane of the conic is given by any three of the consistent equations 


ey a a æ 
OA õp && ep 


(96.1) 


To obtain the point equations of the conic, we proceed as follows. 
Let a solution of (96.1) be A,, 44, 74 py. Then the equation of the 
plane of the conic is 


Aye + may + ne + pw = 0. (96.2) 


Not all three of the points at infinity on the axes can lie in this 
plane. Suppose, in particular, that the point at infinity (0, 0, 1, 0) 
does not lie in this plane. That is, », 40. The equation of this 
point is v = 0 and so the cylinder enveloped by all the tangent 
planes of the conic which are parallel to the z-axis satisfies the 
tangential equations v = £ = 0. That is, v = 0, and 


AR? + Bu? + Dp? + 2HAu + 2Plp + 2Qup =0. (96.3) 


The problem has now been reduced to finding the point-equation of 
the conic with line-equation (96.3) when A, 4, p are interpreted as 
line-cordinates in two dimensions. The resulting equation is (see 
Analytical Conics, p. 106). 


(BD — Q?)a? + 2(PQ — HD)xy + (DA — Pye 
+ 2(HQ — BP)x + HP — AQ)y + AB—H?=0. (96.4) 


The point-equations of the conic are (96.2) and (96.4). 

This procedure breaks down when R/A H P\=2. In this 
H B Q 
PQ D 
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case it follows from (95.3) that (A) = 2 and so the expression 
factorizes into two linear expressions. In this case the quadric 
envelope degenerates to two points. This is dual to the fact that 
R(A) = 2 corresponds to a plane-pair. 

If R(V) = 1 the quadric envelope reduces to a pair of coincident 
points. 

The converse problem of obtaining the tangential equation from 
the two point equations of a conic will be treated in section 98. 


Example 4. For what value of k does the tangential equation A? +- p° + kv? 
+ 4u — 2åv + 2p — p* = 0 represent a conie? Obtain the corresponding 
point equations. 


97. Cone 


The tangent planes of a cone all pass through its vertex A and so 
the tangential equations of the cone F = 0 are 


tah + Yat + zav + wap = È = 0. eh) 


Conversely, given the tangential equations (97.1) of a cone, then the 
cone is in fact the enveloping cone from A to the quadric envelope 
X= 0. The point-equation of this quadric is F = 0 and so the 
point-equation of the cone is 


FAF-T2=0. (97.2) 


If R(V) = 2 then  factorizes into two linear expressions and so 
a cone envelope degenerates into two straight lines. 


a 
Example 5. Obtain the point equation of the cone 4 + 2# — P = A 
+ 2u + p + dur = 0. 


98. Joachimsthal’s quadratic equation 


The two planes a and b establish the pencil of planes (råa + oh, 
Tha > Olly, Ta + OM, TPa + op»). The planes of this pencil which 
touch the quadric with tangential equation © = 0 correspond tO 
the roots of Joachimsthal’s equation 


TEn + Bro Dy + o*D, = 0, (98.1) 
where 


Za = E(u; Mar Yas pa) Sy = Z(Ays Hos Vos Po)» 
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a, a 


20a, = Na Ih + Ha am + Va an, T Pa ep 
a, ad, a2, aq 
= h a, + hy Oita + On, + Po a 
Further, introduce ®, given by 
ay a 5 5 
20, = yt tne tn Pa 
=n OS 0X4 4 oe aX, 


Ody Opa |” Ore C Ope 


Then the results of $§61-64 dualize immediately to give the 
following: 

(1) The two planes a and b are conjugate if Pa, = 0. 

(2) The pole of the plane a has the equation ®, = 0. 

(3) The polar of the point Ax + py + 12 + pw = 0 has plane- 
coordinates (aa + hy + gz + pw, he + by + fz + gw, gx + fy + cz 
+ rw, px + qy + rz + dw). 

4 (4) The point of contact of the tangent plane a has the equation 
b, = 0. 

(5) The plane a cuts the quadric envelope in the section whose 

tangential equation is 
x, — 0,7 = 0. (98.2) 


This result follows from the fact that the conic section of a quadric 
envelope by a plane is the dual of the enveloping cone from a point 
to a quadric. Further, this answers the problem mentioned at the 
end of §96. 

As an interesting application, let us obtain the tangential equation 
of the circle at infinity, which is the section of the sphere 
a? + y? + 22 — wt = 0 by the plane w = 0. The tangential equation 
of the sphere is 42 + H? + 1? — p? = 0 whilst the coordinates of the 
plane at infinity are (0, 0, 0, 1). Hence by (98.2) we have 
— (4? + u? + 1? — p?) — (p)? = 0. That is, the tangential equation 
of the circle at infinity is 


#2 + 2 + v? = 0. (98.3) 


4 Example 6. Obtain the tangential equation of the conie (i) « + 2y = «°? 
Bye. F a + 2xy + 3 = 0, (ii) z—y—= 1 22? + y? — 4ay — 4x 4 
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99. Range of quadrics 
Consider the two quadric envelopes 
D = AP + Bu? + 0r? + Dp? + 2Fuv + 2GvA + 2H 
+ 2P2p + 2Qup + 2Rrp = 0, 
X’ = AP + By? + Cv? + Dip? + 2F'u + 2G'v 
+ 2H')u + 2P'Ap + 2Q'up + 2R'vp = 0 


and set up the equation 
a+ kX’ =0. (99.1) 


This equation is of the second degree in A, l, v and p and so 
represents a quadric envelope which must touch the common 
tangent planes of the quadric envelopes X and X’ given by 5 = = 
= 0. The system of quadric envelopes (99.1) is called a range of 
quadrics and is dual to a pencil of quadrics. aon 

The quadric envelope © + kD’ = 0 will degenerate to a conic if 
the determinantal equation (90.1) where a, b, c, ete. anda’, b’, c’, oto: 
are replaced by A, B, C, etc. and A’, B', CO’, ete. respectively is 
satisfied. Thus, in general, a range of quadrics contains four conics. 
By duality, the planes of the four conics will form a self-polar 
tetrahedron for all quadric envelopes of the range. 


Example 7. Show that the polar lines of a fixed line with respect to the 
quadric envelopes of a range generate a quadric. 


100. Confocal quadrics 


The sections of the two quadrics F and F” by a plane a are in 
general two conics which intersect in four points. When slg | 
have double contact, the four points become two point-pairs. 
quadric of the pencil F + kF’ = 0 exists whose section by the plane 
a is the double line joining the two point-pairs. This quadric has 
coincident generators and so is a cone. Hence the plane a touches one 
of the four degenerate cones of the pencil. ; 

That is, a plane which cuts two quadrics in conics which are F 
double contact must touch one of the degenerate cones of the peno! 
set up by the two quadrics, r 

The dual of two conics in double contact is two cones having 
double contact along two generators. Thus the dual result is that & 
point from which the two tangent cones to two quadrics are a 
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double contact must lie on one of the degenerate conics of the range 
formed by the two quadrics. 

We proved in section 84 that the tangent cone from a focus to a 
quadric is right circular and so by §57 it has double contact with the 
isotropic cone whose vertex is at the focus. Thus, by the previous 
theorem, the focus must lie on the degenerate conics of the range 
set up by the quadric and the circle at infinity. Accordingly the 
focal conics of the quadric envelope © = 0 are the degenerate 
conics of the range 

D + kA? + w + ¥*) = 0. (100.1) 


Further, this equation clearly represents the system of quadrics 
confocal with the quadric envelope © = 0. 


Example 8. Obtain the point-equations of the real focal conics of the 
quadric x? + 8yz = 1. 


Example 9. Find the point-equations of the quadrics of the confocal 
system determined by 41 — 24p + p? = 0. 


Miscellaneous examples 

1. Prove that the planes which touch the sphere x? + y? + 2? = 1 and the 
hyperbola æ + 1 =y? — z? — 1 = 0 also touch two other conics. Obtain 
their point-equations. 

2. Show that »? + 4vu + 4åp + 4up = 0 represents a paraboloid envelope 
and obtain the point-equations of the focal parabolae. 

3. Prove that one of the focal conics of the quadric envelope «(A? + 21”) 
+ 2vA + 24u + p? = 0 lies in the plane y = 2. As œ varies, show that this 
conic determines a system of confocal conics. 

4. Obtain the tangential equations of the cylinder generated by the tangents 
to the quadric envelope £ = 0 which are parallel to the x-axis. 
re 5. Find the tangential equations of the diameter of the quadric envelope 

whose conjugate diametral plane is parallel to the plane x = 0. 

6. Obtain the tangential equation of a paraboloid envelope which touches 
the z-axis and touches the quadrie envelope © at the points of contact of the 
pair of tangent planes through the a-axis. 


Answers 
3. (i) ata? + pry? + yet — 2WByyz — 2yazx — 2aPry + apy = 0, (ii) 2yz 
~ 2a +1 = 0, (iii) x? + y? + 2yz —Qay+1=0. 4. l, «w-y-2z 


T l= 20% + y? — day — de + 2y +3 = 0. 5. x — 2 + yz — Dew + Ow 

+ 22+ 1 = 0. 6, (i) Bo? — 244v + 12r — 4p? = 0, (ii) 4? + pè — 1? + 4A 
oe p= 0. 8.y + z= 4r? — 12y? — 3 = 0; y — z = 4a? + 20y? 

~5=0. oa EVES oe git: 3 x a4 

dye toe GPT RO EP EA = Be) = bye ett dye 4) det 
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o c oe examples. 1. y= 0, 2 = 4x% -+ 1); z= 0, da? + y? 
2. Qe — 2y + 2z + 1 = de — y)? + dla + y)—1=0; m—y—%4+)] 


= (æ — y)? + (s +y) +1 = 0. 
4. A= Bu + Or + De + 2Fpr + 2Qup + 2Rvp = 0. 
5. PA + Qu + Rv + Dp = AA + Hp + Gv + Pp = 0. 
6. E — D(ad + p)(a’A + p) = 0, where H? = B(A — Dax’). 


APPENDIX I 
MATRICES 


1. The array of mn numbers set out in m rows and n columns in 
the form 


A= [ay Go +: Gn 
Qa Qa >.. Aan 
Cmi Ame aeS Amn 


is called a matrix. The first suffix + of an element a,, indicates the 
row in which it occurs whilst the second suffix s indicates the 
column. Occasionally we refer to an m X n matrix if it has m rows 
and » columns. 

If m = n, the array is called a square matrix of order n. The 
determinant of a square matrix is defined to be that determinant 
which has the same array as the matrix. 

We may delete a number of rows and columns at will. The resulting 
matrix is called a sub-matrix of the original matrix. To every 
Square sub-matrix there corresponds a determinant. 

If we expand a determinant of order (p + 1) in terms of any row 
or column, it is a linear multiple of (p + 1) determinants of order p. 
Tt follows that: if all determinants of order p contained in a matrix 
are zero, then all determinants of higher order than p are also zero. 
This result enables us to frame the definition of the rank of a matrix. 

If all the determinants of order (p + 1) contained in a matrix 
are zero, whilst at least one determinant of order p is not zero, then 
the matrix is said to be of rank p- 

The greatest possible rank of an m X n matrix is clearly the smaller 
of m and n. i 

Tt is obvious that the rank of a sub-matrix cannot be greater than 
the rank of the original matrix. 
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2. We shall use the notation R(A) to denote the rank of a matrix. 
Let us discuss the particular 3 x 3 matrix. 


D,=/a—2 h g 
h b-a ff 
g f osa 
We denote the cofactors of a — 4 b—å c—A, f, g, h mthe 
determinant D, by 4, By Cp F} Zp H, Then we can verify that 
Blr —F è= (a — å)Di 6,80, — FE = (b — Dy 
AB, —H 2 = (e — 1) D} 
If R(D,) = 2, we have 


BG, =F è; Crh =G}; A,B, =H 2. 
Hence 


(Lit Bit CP = AP + BEC! + FE + 2G + Hd, 
and so 
A, + BAG, £0. (A) 
If R(D,) = 1, we have 
(6 — Ae — 2) —fP=0; (¢ — aya — 4) — 9° = 0; 
(a — Ab — 2) =k = 0. 
Consequently 
Ka — 4) + (b — 4) + (e — 2} ; 
= (e =A? + (b — 4)? + (e — aye + 2f + 20° + 2, 
(A.2) 


and so 


(a — 2) + (b — 2) + (e — 4) 40. 
A the 
3. The rank of a matrix is easily obtained by assuming 
result that the rank is unaltered by 


(1) the interchange of two rows or columns, stant, 
(2) the multiplication of a row or column by a non-zero col! 
(3) the addition of any two rows or columns. 


APPENDIX II 
SOLUTIONS 


Chapter I. Miscellaneous examples 

1. For the tetrahedron ABCD verify that the point (}(v4 + tp + To 
-+ wp), etc.) lies on each of the seven straight lines. 

2. By symmetry, the required straight line is x = y = =. 

3. Select a cube with vertices at (+ a, + a, + a). 


Chapter II 


9. An arbitrary point on the given straight line has the coordinates 
(— 2 + 34, — 3 —4,2-+ 24). Application of (12.1) yields a quadratic in A. 

10. The pencil of planes through the given straight line ist — 1 + 2(y + 1) 
+ kB(y + 1) + 2 — 3} = 0, ete. 

16. Referring to Fig. 10, the equations of PA and QB are given by (17.1). 
Let PA =a, QB = b, PR=4,QS = u. Then A = (— asin q, a cos q, c), 
B = (b sin a, b cos g, —c). R = (— Asina, À cos œ, c),S = (u sin a, je COS a, 
—c). Hence the coordinates (x, y, z) of the mid-point of RS are (}(4 — A) sin «, 
A + A) cos a, 0). Accordingly (i) 4 — a = u — b and so ~ — 3(b — a) sin « 
=z = 0; (ii) 4 —a-+ p — b= k and so y — (a + b + k) cos « = z = 0; 
(iii) (A — a)? + (u — b)? = k? and so (x cosec a — y sec a — a)? + (x cosec œ 
+ y sec g — b)? — k? = z = 0; (iv) (A — a)(u — b) = k? and so (x cosec « 
— y sec « + a)(x cosec æ + y sec a — b) + k? = 2 = 0. 


Miscellaneous examples 

1, R= (x, + Hay — x4), ete.) is an arbitrary point of AB. The straight 
line joining R to tho origin is perpendicular to AB if (x, — #4)[%4 + 
Aln — w4)] + ete. = 0. That is, A = (ay? — Expro) AB}, ete. 

2. The direction-ratios of PR are {x4 + A(wg — x4) — xp, ete.} where R is 
an arbitrary point of AB. The orthogonality of PR and AB yields (xz — %4) 
[æa + Aey — x4) — ap] + etc. = 0. That is AD(eq — £p)? = Elea — 2p) 
(x4 = *p). Further, PR? = AP? — AR? and so p? = Exa — xp)? — APL (ag — £4)? 
= [X(x,4 Xp)*X (ay — x4)? — {E(x4 — xp)(x4 — Xy)}*)/AB*. Accordingly the 
result follows on application of Lagrange’s identity. (Compare Eq. (6.3).) 

3. The straight line through A perpendicular to the given place is (x — æa) 
= (y — ya) = (z — za)/v. Let the mirror image A be at (x4 + kA, 
Ya + ku, z4 + kv). The mid-point of AA is (xa + $kå, ya + bhu, za + kv) 
and so Alay -+ 3X2) + ulya + ku) + v(z4 + Fv) + p = 0. Consequently k = 
~ hea + uya + vza + p)[(2 + u? + v2). Substitution for Æ in the co- 
ordinates of A yields the result. 
= tms mirror image of a straight line in a plane is the line joining its point 

mtersection with the plane and the mirror image of any one point of the 
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straight line. (If the straight line is parallel to the plane, the mirror imoa 

the line joining the mirror images of any two points of the given straight lin 
5. The equation (x — x4)/l — (y — y4)/m + Ae x,t (z zadn m e 

represents a plane through the given straight line. It is orthogonal to u = 


A + k)/l — nlm — vk[n = 0. Solve for k and substitute in the above 
equation of the plane. 


6. Let az? + by? + cz? + 2fyz + 2gzx xy = (Aye + pay k na 
(Age + py + v2) and so 2,2, = a, flita = b, Pa = C, pia + uw = 2 iF 
Further, (AyAy + pilta + vwa)? [4 + py? + ne) + fa? H n) = 1/4 
322,4? — E(t + Ayu)? + ODA Ag = 0. Henco, ete. 


7. Referring to Fig. 10, let RS, RT be perpendiculars from the S i 
point R on PA, QB respectively. Now S = (— Asing, Acosa, i 
T = (usin a, pcos, —c). The relationships RS | PA, RT | QB i 
RS | RT yield respectively — sin alar + Asin «) + cos (yg — 4 cos %) = j 
sin (£p — H sin a) + cos ayn — H cos %) = O and (xp + Asin g)(&p — H sm = 
+ (Yr — cos æ)(yg — u cos x) + (zr — c)(zz + c) = 0. Thus = — 2p En 

F Ypeos% and u = gpsin g + y,cos%. Substitution in the last ae 
and dropping the suffix R yields the locus æ? cos?  — yr sin? a + (2° — © 
sec 24 = 0. 


8, The determinant — 2a a+b-—c ¢c+a—b|/=0 


a-+-b—ce — 2b b+e-a 

c+ta—b b+c-—a — 2 
and so the equation represents a plane-pair. Then 
Let a(z — x)(x — y) + ete, = (Aye + py + 42)(Agn + Hay + v2). m)? 
y= — a, Hst pum = b +o — a, ete. Accordingly (HP: — Hi 
= (MA, — vah)? = (Ay — Azfty)? = La? — 2Dbe. Hence, ete. 


9. The volume is 4p . OBC 
the plane OBC, 


where p is the perpendicular distance from A to 
The equation of this plane is 


|= y z/=0 


“pn Yn Zp 
and so "Pike a 
P =| za Ya za | + V lyste — Yorn) 
za Va 2 
Te Ye zo 


Let the direction-cosines of OB and OC be [ls 
Yate — Yon = OB. OC(myng 
Vme — Mong)? 


n 
Mp, npland [le, Mo, nol T 
— Mong) and so VE(ypzo — Yeza = OB. 
= 0B. OC sin BOC by (6.4) = 2 OBC. Honce, Biol 


Chapter III 


. F 1d 
3. Substitute the coordinates in (18.3) and eliminate p, % ” ane 
(determinantly). mo 

i a 
4, The result merely expresses that AP | BP if P is any point om 
required sphere. 


7. A quadratic in 4 is obtained by substitution in 74, = 0. 
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1L. e&tyt+2—1B4+Ae+yt+e—l)=0isa sphere through the 
given circle. Its centre is at (— 2/2, — 4/2, — 2/2) and has the radius 
V322/4 + 2+ 13. Equating this to the perpendicular from the centre to 
the given plane yields a quadratic in A. Alternatively, apply (21.1) directly. 


12. The point (1, — 1, 1) lies on both spheres and the corresponding tangent 
planes aro x+y + 42 —4=0 and 7x — 4y +z 14 = 0. Hence, etc. 
Alternatively, the angle 0 between the two spheres F, = 0 and F, = 0 is 
cos~*{o,2 + ag? — ?)/2c,%}, where a, and a are the radii and ĝ is the distance 
between the centres. Hence, etc. 


13. Locus is the radical line of the spheres. 


14. The coaxal system determined by the spheres is (2 + 4A)(a? + y? + 2°) 
— 3 -+ TA)a + 2(1 + Ay + 2(1 + 34)z + 7 + 174 = 0. The point-spheres 
correspond to (3 -+ 74)? + (1 + 4)? + (1 + BA)? — (2 + 42)(7 + 17A) = 0. 
That is 4 = — 1 or — 1/3 which yield respectively (x — aye + y® + (2 + D° 
= 0 and (x — 1)? + (y + 1)? + 2° = 0. Hence, ete. 


Miscellaneous examples 

1. From a diagram, the square of the distance between the centres equals 
the difference of the squares of the radii. 

There is no loss in generality if we choose the line joining the centres of 
the two spheres as x-axis. Then the spheres which are cut in great circles are 
at yt $2? + Ope + dy=0 and a? + y? +? t 2p + d= 0. The 
conditions are 2p,? — 2p,pa + dı — d, = 0 and 2p, — 2pyPs + d, — d, = 0. 
The point (x, 0, 0) lies on the cutting sphere if a? + 2pya +d, = 0. Elimina- 
tion of p, and d, yields the quadratic equation 


a? a 1|=0. 
2p — d, — P: 1} 
2p? — d} — P, 1 


Hence, ete. 


2. The condition is that æ? +- y? + 2? + 2px + 2qy + 2nz + dy + k(t 
E pay + mg + py) = 2 A y? H 22 H pae + gay + raz + da + Rolat + Mey 
++ az ++ pa) for some values of k, and kẹ. Equating coefficients and eliminating 
ky and hy yields the result. 


3. Referring to Fig. 10, we have P = (0, 0. c), Q = (0, 0, — c), A= 
(— Asin q, A cos a, c). B = (u sin &, u cos a, — ¢)- The equation of the 
sphere ABPQ is 


a? + a y z 1 |=0. 
0 0 c 1 
ce 0 0 —c l 
+c —Asina Acosa c 1 
w+ 8 psina peos —e l| 


oe is, a? + y? 4 22 + o(A — p)/2sina — y(A + [2 cos a — c = 0. ‘The 
of tus is (A — j2)?/4 sin? a + (A + p)?/4 cos? x — c? which is constant in virtue 
AB being constant. 
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4. An arbitrary point on the straight lino is (a + lt, B+ mt, X T nt). 
Substitution in (18.3) yields a quadratic int. The vanishing of the discriminant 
gives the required result. . 

Choose given point as origin. Then d = 0 and centre of spheres is at 

— P, — q, — r). Hence, etc. 
5. The orthogonality conditions are 2pp; + 2qq; + 2rr; — d — d; = 0. 


Elimination of p, g, r and d between these four equations and (18.3) yields the 
result. 


6. The spheres through the given circle form the coaxal system a? + y? 
+ 28 + pe + Qqy + 2rz +d + 2k(dw + uy + vz + p) = 0. The square of 
the radius is (p + %2)? + (q + ku)? + (r + kv)? — d — 2kp. This expression 
is a minimum for the desired sphere and so k(A2 -+ u? +?) = p — Àp — KI 
— vr. Hence, ete. 

7. Select A = (0, 0, 0), B 


= (0, Yar 0), © = (xo, Yo, 0), D = (tm Yor 20) 
The four altitudes have th 


e equations 2/z)(yg — yy) = — ylxozy = 2/{xolYn 
— Yn) — (Yo — Ya)}; zlyozn = — (y — Ya)|zozn = 2|(%eY — tyo); Y = Yor 
(@ — 2xo)[2p = — zjēp; æ= Zp, Y = Yp. The third and fourth line interseo 
at (£p, Yp — 2,(2) — %¢)/2p) provided that yg = Yp. This point lies on the 


other two lines provided that Toto + YeYy = Yo. It follows easily that 
AB? + CD? = AG? +. BD? = AD? + BC?, 

The vertices AB, AC, AD, BO, BD, CD are conjugate points with respect 
to (18.3) if (1) gys +d = 0; (2) Pto + gyo +d = 0; (3) pzp + Yp + TD 
ta=0; (4) Yayo + pro+ gya ty) Vd — 0O; (5) Yat + Pr + Wa 
T Y») + tzo + d = 0; and (8) metry + yoyp + Plta + tp) + g(Yo + Yo) + TD 
+ d = 0. (4)-(2) yields yg = — q and (5)-(3) yields yp = — q and s0 yo = Yn" 
Further (6)-(2)-(3) yields Top + Yoyp —d = 0. Using (1) we have xotp 
+ Yop = — qyp = YsYo. Hence, ete. 


Chapter IV 


F T Let a generator bez=1 +lU,y=2 mz=—1 nt, Substitution 
n@+y+z—-1=90 yields ¢ = se ek from whish æ= (m+n) 
(i+ m+n),y = (21 +m + 2n)/(l + m +n) andz = — (l+ m + 2n)/(l + m 
+n). Next, substitution in a E a n PR 9 gives 31? + m? + 5n 
+ dmn + 6nl + 29m = 0. Elimination of J, m, n from this equation and the 
equations of the generator yields the result, 

2. The resulting equation must be hı 


and z and also be satisfied by the two equations of tho circle. 
3. The results follow from the six equations at the beginning of section 28. 
4. Iff=h=0, then m = 0 and k(b — a) = 2, k(b — c) = nê, ete. Also 


Ka + b + c) = (E + n2)(3 costa — = a 
Hence, ete. Nirape 1) and kla — 2b 4:0) ( 


5. Iff=g=h=0, 
l=m=0. Hence, ete, 


in x, Y 
omogeneous of second degree in %, 


ice is 
then two of J, m, n are zero. Since a = b the choice 


= by? 
2 = 0. 
tie 


7. The equations æ — Y + 2z = 22 — gy2 2z 
: =a — 3y? + 222 = Oanda — y + 

+ 32x + 2xy = 0 lead to the Same quadratic equation a? + Gaz -+ 5 

ee OP ht te an 2ay = 0 yield the quar 
equation (x? + Gaz + 522)(202 _ 2x2 + 52%) = 0, Hence, ete. 

Note carefully that f = 5/2, g = 8/2, k= 1 in the application of (29-2) 
an results follow from (31.1), (31.2) and the equations at the beginning 
O . 
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10. Eliminate z4, y4, z4 and t between x4? + yy? + 242 + 224 = t4 + Ya 
+ za 1=0,%=a,+4y=y4+ 2,2 = z4 — t. 


Miscellaneous examples 


2. The elimination of z between the linear Sapanani each or a Eo 
degree equations must yield the same quadratic equation in x . r 
(a F CAO lgvA = Bednln(2f + ug — vh) = (bv? + cu") fur. The semen 
form of the answer is obtained by replacing the middle fraction y oe 
equivalent {— p2(av® + cå?) + 2cA%u* — AXbv® + cu*)}/{— gueevA + Alf 
+ Kg — vh) — fa2ur}. 3 

3. The equation is equivalent to a(x + pja)? + bly + qlb)? + e(z + rle) 
= pa + q?jb + r?/c — d. Hence, ete. ad P 

4. Tho “rationalized” equation is æ? + y? + 2? — 2yz — 2em — 2ay = 0. 
Hence, ete. ; ; 

5. Select the fixed line as z-axis and the point of intersection with tha m 
Plane as origin. The locus is then æ? + y? = (At + py + 92)°/(22 + u? + 9%). 
Hence, ete. ; 

6. Choose the line of intersection of the planes as z-axis and the ee eae 
from the fixed point to this line as x-axis. Let the fixed arenes (a, fe = alt 
the fixed planes be Ajx + uy = 0 (i= 1, 2). The straig ee aa 
=ylm = zjn intersects these planes at the points (usmle me REER 
— aAn]$,) where $: = Al + pim. The coordinates of the mi P ER 
2a = am(ufhi + paldi), 2y = — am(hilh, + Aal$a). Honce m l= om 
and [2A Al + (Aika + Ay )M]e = (Aye + Aapa)! + 2uypamly. ae 
of Um yields the hyperbolic cylinder 2(A,x + pay)(Ayt -+ fay! Ao! 
= (Ayia + Aguy)ay = 0. ; ms ho 

7. Tho equation of the cone with vertex at A and given rhe aie 
career et sed lmao» omea pes Thoe uation 
origin at (%4, Ya» Z4) and choose axes parallel to the origina] ae A av aft 
of the cone becomes z,%2?/a? + 242y2/b? + (x4?/a? + ya’ T es poe 3 
= 224% 420/a® = 0. The condition that the cone be circular is ei aa ra abi 
28x y2]as = (l/a? — 1/b*)z42(a42/a? + y42/b® — 24/6? — Dorema = vya ža fs 
Hee = Va®)z,%a,2/a2 + wail nae ae nie 2. hea. S 
a f(a? — b?) — 22/6? — 1 = y = 0 or y?/(b? — a?) — 2 4 
tively, Thy a EE to real points when a > b. (For change of axes, 
Consult equation (73.1).) 


Chapter V 

1. Tho result follows from (37.3). vis 

2. Consider the three mutually orthogonal tangent planes Aja + iy + wets 
Sy d(AP/a + n2/b + vèfe), (i = 1, 2, 3). The result follows by squaring 
and adding the three equations. j 

Alternatively, express the condition that the enveloping cone from any 
Point of the locus is orthogonal. 

3. Tho enveloping cone from any point of the locus is rectangular. ih 

. 2 z 

4. Tho pole of az, + Pysy + yzaz + 5 = 0 with respect to a 3 a 
Hbetk+ go is at (daz, Jad, dBy4/b6, dyząļcô). But ox? + Bys® + ¥%4 
+ô= 0. Hence, ete. 


5. The direction-ratios of the generators (39.1) and (39.2) are respectively 
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{a(A? — 1), 2bA, e(4* + 1)} and {a(l — 1), — 2b, c(p? + 1)}. ‘The ortho- 
gonality condition is a%(4* — 1)(u2 — 1) + 4b°hu — c2(42 + 1)(u? + 1) = 0. 
The result follows by considering the parametric coordinates (39.3). 


6. Let (x —acosa)/l = (y — bsin a)/m = zjn be a generator. _Then 
(a cos æ + lt)?Ja? + (b sin a + mt)?/b? — n/c? =1. Thus l/a? + m*/b? — 


n®/c? = 0 and lcos gja + msin a/b = 0 and so l = asin g, m b cos a, 
n = +c. Hence, ete. 


7. Referred to parallel axes through K, the cone (40.5) has tho equation 
a(b — c)agyz + b(c Q)yxzx + c(a b)zxay = 0. Hence, ete. 
8. The normals at A and B intersect if 


%4— Is Ya =Y z4 = zy | = 0. 
Oey bya Cza 
atp byg Czy 


Let the chords be parallel to the direction {l, m, n}. Then (xa — Xall 
= (Ya — Yg)/m = (24 — Zy)/n and so the mid-point has coordinates 2x = Xa 


+ py, 2y = yy + Yp, 22 = 24 + 2p. Hence| 1 m n |=0. Further, 
al bm cn 
ax by cz 


Zaz, + d = Zaz? +d=0 and so Zalxa —axp)(wy + xz) =0. That is 
alx -+- bmy + enz = 0. Hence, ete. 

9. From (41.2) we have ax/2 = by] = c2/y. Hence, cte. 

10. The centre of the section by the tangent plane at P is ata = — aap d[are, 
ete., where « = Latxp*/a, Substitution in Lamp? +6 = 0 yields La*w*/a 
-HeJ = 0, Further, az? + by? + cz? = ô?/k. Hence, ete. 

11. For the tangent plane at A to the cone, we have A = 24/(b + ¢)» 
H= yale +a), v = z4/(a + b), p= 0. The coefficient of R? in (42.3) after 
multiplication by (aR? +. dy(bR? + d)\(cR? + d) is dEx,?/(b + c) = 0 and so 
the roots in R? are equal but opposite in sign. Hence, ete. 


12. Equation (42.3) reduces to (R? — 1)? = 0. Note carefully that when 
4 = 0, one root of (42.3) is given by aR? +d = 0. 


13. Verify that « = — 7/12 and that the equal roots in R? aro 1 + 12p*/7 
corresponding to the planes V 3y + Viz + p=0. 

14. «=3 and (42.3) reduces to 27h — 12(a? +- b? + 02) R? + 4(b%o? 
+ c'a? + a%*) = 0. Hence RPR, = 4(b%2 + ca? 4- a?b?)/27, ete. 


Miscellaneous examples 


1. u, + kus = 0 is a tangent plane if ZA,*/a + 2EAAJa + k'Ehtla = 0; 
The required planes are (uy + kiua)(u, + katta) Uy? + (k, + koJttztig + kikatti 
= 0 where k, and k, are the roots of the quadratic. Hence, ete. 


2. The equation a(xy + lt)? 4- blya + mt)? + c(z4 + nt)? +d =0 us 
equal roots. Hence, ete, 


3. The centre (x Y, 2) is at (— Aplax, — n a #2 + we 
os g a Hplbk, — vp/ex) and p 
Pec Pe Thus pt = etats + by? + ott a? and ye ax? + by? + 0% 
Elimination of x yields the result. 
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4. The coefficient of R? in (43.2) is proportional to be? + cap? + aby. 
This expression must be zero for a parabolic section. Hence, ete. 
5. The normal at the point (39.3) is 


w—aA+ p+ an) y —b — wl + Ae) = elà — WI + Ae) 
(A+ wlal+ ae) (1 — AO. + Zn) (A — wed + A) 
This line intersects the plane z= 0 at & = (a? + c*)(A +4 wla + Au), 
y = (b? + c?)(1 — Au)/b(1 + Ap). Elimination of 2 yields the straight line 
2a(b? + o2)pux + b(a? + e(l — pe)y — (a? + c2)(b? + ce + e?) = O. The 
envelope corresponds to equating the discriminant of this equation to zero. 


6. Let the plane section be Ax + uy + vz = 0. From (42.4) we have 
l= kAl(aR? + d) and so 2? = (aR? + d)*/k*. Substitution in (42.3) yields 
El(aR? + d) = 0 from which R? = — dZl/Nal*. Further, D(a R? + d)x = 0, 
ie. R°Llax + dla = 0. Elimination of R? yields the result. 

7. The plane joining the origin to the generator (39.1) has the equation 
xla + zle — J%(aJa — z/c) = 2Ay/b. The generators (39.1) and (39.2) are 
parallel if Aye -+ 1 = 0. Verify that (39.2) lies in the plane for u = — 1/A. 


Chapter VI 

1. This result follows immediately from 45(vii). 

2. Tho three planes are 24x + uwy + 272 = rela + p ®/b), 
(i = 1, 2, 3). Addition yields the result. 

3. The direction-ratios of the generators (47.1) and (47.2) are {a/A, b/A, 2} 
and {a/y, — b/p, 2}. Tho orthogonality condition is (a? — b)/Au + 4 = 0. 
Hence, ete. 

4. The normals are (x — 2r)/2ar = y/0 = (2 + 2ar)/r and 2/0 = (y — 2r)/ 
2br = (z + 2br)/r. The shortest distance can be calculated by (15.3). 

5. The centre of the section by the plane Ax + my + rz + p= 0 is 
at æ= årjar, y= urjbv and z= — piv —r(#/a + 12 /b)/v*. Further, 
PN + p? + 1?) = p°. Elimination of A/v, p/v and p/v yields the result. 

6. Let the plane be Ax + py + vz = 0 where A, p, v are direction-cosines. 
Then y=sing and so 22+ p? = cos?g. Equation (50.3) reduces to 
(R? — 7? cot? g) (R? — r? cot? g cosec? a) = 0. Hence, ete. 


7. The coefficient of R? in the quadratic (50.3) is proportional to aby*, But 
v= 0. Hence, ete. 


Miscellaneous examples 


1. The generator (47.1) has the parametric representation (aA + at, 
— bå + bt, 22t). The foot of the perpendicular from the origin corresponds to 
a(ad + at) + b(— bÀ + bt) + 2A(2At) = 0. That is, t = (b? — a®)A/(a® + b° 
+ 44%). Obtain x, y and z in terms of ¢ and Å and the result follows on elimina- 
tion of A and t. The negative signs correspond to the generators (47.2). 


2. Equation (50.3) has equal roots — w/b*. 


3. The enveloping cone from any point on the locus is rectangular. 
4, After clearing fractions, the coefficient of R? in (50.3) is œ [A% + pa 
+ »°%(a + b)]. Note that w can only vanish for a tangent plane. 


5. Equation (50.3) is abm@Rt+...+ (22+ 1° + )0? = 0. Thus 
9 
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2 2 a *)o0*/aby? = ct. Further, x = Ar/av, y = perfov, z= — plv 
Ee ta gt Og e erion of 4, 4, v, p and w yields tho result. so 

6. The straight line (« + lt, B + mt, y + nt) touches the pmm ee 
equation a(a + It)? + b(B + mt)? + 2r(y + nt) = 0 has equal roots e 
Hence, ete. 


Chapter VII 


2. The points A, B and the points at infinity on both straight lines are 
coplanar. 


Miscellaneous examples 


2. (a) When 0 < a 
+ Ve — bz + p= 0. 
(Vb — adjap, 0, + 
Hence, ete. 


< b < c, the real planes of circular section are Vb — av 
Corresponding to the tangent planes, the poles 
E Ve — bdjep) lio on the plane itself. Thus p? = db(a — c)/ac. 


3. The real planes of circular secti 


ion are + Vb — ay + Vaz + p = Owith 
Pole at (0, + Vb — ar/Vab, p/v 


a). Hence (b — a)r/Vab + 2p = 0, ete. 


Chapter VIII 
2&3. No 


te carefully that f = g = h = }, d = —lorf=g=h = 1 and 
d= — 2, 


4. Select cone with vertex at the origin. 


6. The enveloping cone fr 
+ A(yz + ze + ay + 1) — 
= 0. The intersection with 
+ Dey +1) — Ay, + 
parabola is (y4 + 24)%( 
locus is (2? — 1)(yz + z 


‘om A to the quadric is (y4yz4 + 4% As aie 
{Hya + zaje + (za + waly + Ata + Ya) F i 
the planez = 0 is the conie (y4z4 + Zaa + i 2 
Zae + Alza + xay + 12 = 0. The condition = 
eat ag) = (242 — ye, — Zay mbata —2) Bis 
v + ty + 1) = 0 and so the required locus is z = E 
7. The cylinder is given by FF — T, = 0 with A = (1, — 1, 0, 0) a 
Psat y? 2w wa, 


8. (a) A quadric with y = z = 0 and z 1 =% + 1 = 0 as generator 
the equation ay(z — 1) + Byle +- 1) + ye(z — 1) + ðz(z + 1) = 0. = 
equation is an identity in z for x = 2, y = — 3. Hence « = ô = 3ß, 7 
ete. i 

(b) A quadrie with first two lines as generators is (x + y + 2 — RE =y 
+ 2z — 3) + Ble +y +z Vw + y — 3z — 4) + ple + 2y a RAA 
+ 22 — 3) + dle + oy — 2 2\(@ + y — 3z — 4) = 0. The third gP which 
i(li —] = 4, 24). Substitution yields an identity in 4 ear DE 
Honea wih oct 128 = Ba + 26 + 1y — 906 = 2a — 98 — Sy + 
Hence «/6 = ß/21 = — vils = — 6/4, ete. 


9. The two straight lines intersect. With u,=a+y, u 


Ms=2+9+42=1 wo obtain u, = Au, + U — 2u3. The second ak 

be replaced by us = 0 and du, + u, = de + by + z= 0. Hence "i + ple 
through the two Ji e equation a(x + y)(x +y + % Bi +Z 
ToN a Foy +2) + oly + ale 4 ty ~ 1) + Oly + adn T + 8 
elde + 5y + z)=0. Putting z = 0 and equating coefficients paes 45 = 9 
Z CE rE moms dye Be BEEP 56 
—%—y4+ be= 0, A solution is y = — 12, $ = 3,y = 17,6 = — 
Hence, ete, 


ag th & 
3 may 
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Alternatively: The general quadric through the parabola 5y? — 16x = z 
=0 is 5y? —léx+2(ar+ py + vz +p) =0. T= — y, z=- y is a 
generator and so the identity in y yields 5 -+ 4 — u + v = 0, p = 16. The 
parametric form of the second generator is (1 — 4t, — 1 + 3t, 1 + t). Substi- 
tution yields the identity 5(— 1+ 30)? 16(1 4t) + (1 + tA 4t) 
++ e(— 1 + 3t) + (1 +t) + 16) = 0. Hence, etc. 

10. The polar line of (x x,)/l = (y — yam = (z 24)/n with respect to 
ax? + by? + cz? + d = 0 is Ty = T= 0 where B = (l, m, n, 0). Conse- 
quently, the direction-ratios are {be(nya — mza), ete.}. The orthogonality 
condition is Ebel(ny, — mza) = 0. The elimination of l, m and n yields the 
result. 

11. The result follows immediately from (67.1). 

12, The polar line of a diameter is the line at infinity in the conjugate 
diametral plane and so intersects all the conjugate diameters. 


13. Let [l m; n;] be direction-cosines of the conjugate diameters and 
04, Oy, &y be the lengths of the corresponding semi-diameters. Then «,°Dl,*/a* 
= 1, «El, Ja? = 1 and a,*Dl;?/a* = 1. Equations (68.2) are now El;l;/a? =0 
fori + j, i,j = 1, 2, 3. Thus[%l,/a, ay,/b, anle], [ctala/a, a/b, amac] and 
[ogly/a, ceg7g/B, amac] form the direction-cosines of three mutually orthogonal 
directions. Accordingly [ol,/a, asle/a, &alsla], [oyrny/b, smb, agm/b] and 
[ayn,/c, anale, anaje] also form the direction-cosines of three mutually 
orthogonal directions (compare §75). Thus 2,2 + aal? + a'l? = a°, otc. 
Hence, etc. 

14, From the preceding example, note that a,m, + Aa liM + As lym = 0. 
The volumo V (see Example 9, p. 19) is given by | al amy am 

Qala A_M_ oMa 
Qala AgIMg Agng 
Hence, V? =| aè? 0 0 |, ete. 
0 8 0 
0 0 e 


16. The discriminating cubic is 4? — 72 + 6 = 0 with roots — 3, 1 and 2. 
The corresponding principal axes by (69.1) are in the directions {1, — 1, — vb}, 
{1, 1, 0} and (v3, = V3, V2}. Tho principal planes are obtained by using 
(68.1). 

17, (a) The middle root of the discriminating cubic is 1 and so the real 
planes of circular section are parallel to a? +y? + 22 — Vv 6yz + V6eu — day 
= UV 20 — V2(2 + V3)y + (V3 + 12V 22 — V2(2 — V3)y + (V3 — 1)2] 
= 0. Hence, etc. 

(b) The middle root of the discriminating cubic is 1/2 and so the real planes 
of circular section are parallel to x* + y? — 2° + 2ay = 0. Hence, ete. 


18, In this example 


cos? a —sin % cos & 0 0 


= 


— sing cosg sin? g — cos? a — sin a cos œ s 
A= A E , À = — sin? « cos? a, 
0 —sinacosa — sin’ a 


0 1 0 —1 
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and so A= 0 for (a) « = n7 and (b) a = (n + 3). The corresponding 
matrices A are respectively 


1 0 0 0\ and /0 

0-1 0 1 0 

0 0 0 0 0 0-1 0 
0 1 0-1 

These matrices are respectively of rank 2 and rank 3. Hence the corresponding 


degeneracies are the plane-pair (x -++ y — 1)(e — y + 1) = 0 and the hyper- 
bolic cylinder (y +1} -2 = 2, 


Miscellaneous examples 


1. The enveloping cone from A to + 2zy + 2az = 0 is yas? + ray 
+ (a? — Qayyy)e? + QWryley + adyz yar — Aza + taya + 2azy)ry 
+ Pay yz4% + az yar yy — 2a(Qa yyy + azy)z -+ a?z 0. For the other envelop- 
ing cone, replace a by b. The two cones are identical if 


ya? ni g4? _ = raya wala +a) ayy 
Yat ae B Peay  xalza + b) 


24? + Taya + 2aZa4 
bya 24? + taya + 2bza 


Yaa _ AZ4Xa We yyy + aza want 
byaza  bzaza Qayyy + bza O72," 
These equations are satisfied by x4 = yy = 0 and a/b? = (242 + 2aza)/ Ea" 


+ 2bz4) from which Za = — 2abj(a + b). Hence, ete. 


2. With the notation of Example 13, the equation of the plano is 
= y 2 1j=0 Thatis,j2 y 2 L]=0 
Hl dm, am 1 eo 0 u 
gly aym, Gyn, 1 0 è 0 w 
Qala aama Gyn, 1 0 0 2 eG 


= Oy 
where u, = ol, + Ogle + aala uy = UM, + tM, + Agma and Pas 1 Its 
+ Qna + ans. This equation simplifies to uwla? 4- usyjb? + usj = 1- 
pole is at the point (tti, Ug, Ug). Hence, ete. 


l- mt. 
(a — a4)/l = ete. isa generator if E f(y4 + me)(Za s e 
+ fgh = 0. Thus fmn +- gnl + him — 0 and Df(ny, + mza) = 0. eater 
d required condition is the same that gr 
in orthogonal generators by the caer “phat 
ondition is Ef(fey + hary)(gx4, + fya) = % 
0. Henee, ete. 


4, The circle is rep; 
and so the quadrie i 


ator 
+ p) = 0 from which 7 = — landp = — a. Thelinez = x = 0 is a gene" 


and so similarly p= — ], Hence the quadrie is (1 + vet ti cei 
+ (v = law — 2ry — a(l + v)z = 0. The equations determining oi as 
Be T UT Oe lastat (uie BO ole E = DEO 

—a(l+)=0, Elimination of » yields the result. 


ntre 
ye 
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5. The roots of the discriminating cubic are 0, 25, 50 and 0, 9, 50. Thus 25 
and 9 give the respective real planes of circular section when substituted for 
Zin (71.1). The required plane is 4% — 3y + 5z = 0 whilst the square of the 
radius is a? + y? -+ 2? = [x? + y? + (4x — 3y)*]/25 = 1 in virtue of tho 
equation of the first cylinder. 

6. The discriminating cubic is 24 — (2 + f*)A + 2f = 0 with the roots f, 
(—f + Vf? + 8)/2. The middle root is f. Hence, ete. 

When f = 1, the roots are 1, 1, — 1 and so surface is of revolution. 


7. The centre of the quadric is given by y + 2=2+%=a-+ y and so is 
at (0, 0, 0). Let x/l = y/m = z/n be the diameter conjugate to Ax + uy + vz 
+ p= 0. Thus this equation is the same as l(y + z) + m(z + x) + n(x + y) 
= 0. Comparing coefficients, (m + n)/A = (n + l)u = (l + m)/v and so 
limin = p + v» — diy +4—p":A + p — v. The centre of the section is at 
the intersection of the plane and its conjugate diameter, This point is at 
infinity if A(x + v — å) + (w + å — u) + v(à + u — vr) = 0. Hence, etc. 

8. Tho axes can be chosen so that the three skew lines are z = x = 0; 
y = åx,z = k; y = px + p,z = l. The latter two straight lines are generators 
of the quadric a(y — Ax)(y — ux — p) + Ply — Ax)(z — 1) + yy — uw — p)(z 
— k) + ô(z — k)(z — l) = 0. The condition that z = x = 0 is also a generator 
yields œ = 0, ß = k, y l and ô = p. The quadric can be written in the 
form k(y — Ax)(z — l) — (z — k)(ly — lux — pz) = 0 and so the other set of 
mutually skew generators are k(y — Ax) = O(z — k), Oz — l) = ly — lux — pz 
where 0 varies. For all values of 0, these generators are parallel to the plane 
whose direction-ratios are {kA — lu, l — k, 0}. 


9. Let the pencils be given by u, + kw, = 0, ta + kava = 0. The homo- 
graphic correspondence is kka + Bk, + yka + ô = 0. Elimination of k, and 
ke yields duza — Puwa — yugv, + dvyv, = 0. This is a quadrie with w, = v, 
= 0 and u, = v, = 0 generators. 


Chapter IX 

1, Tho transformed equation F(%, 7, 
origin if p = ĝ = ř = ï = 0. That is p= 
Elimination of «, ĝ, y and 6 yields the result. 


0 is a cone vertex at the new 
=F = pa +gb +ry+d=0. 


2. From (75.2) we have l, = k(Mn, — Mma), ete. Consequently 
k| m m |= +m? +n? = 1. Thusk=1. 


lo M, na 


Alternatively: this result follows by considering vector products. 


3. The inverse transformation is x = }(@ + 2ğ + 22), y -2 
+ 23), z = (28 — 29 + ž). Hence, ete. 


a 
| 
>] 


Chapter X 

1. Apply the rotation x = (% — DIV2,y = (€ + ğ)/V Z and the equation 
becomes 34? + g? + 28 + 2V 223 + 2V2% + 23-2=0. Next rotate 
about the y-axis through an angle 4 tan~! 2V 2 by means of the equations 
2 = (Vx — 2')/V3,2 = (x + V22’)/V3 to obtain 4a? + y” + 22 4+ 2V82" 
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— 2 = 0. Finally, translation to parallel axes through (— V3/4, 0, 0) yields 
the result. 


2. In these examples, the ranks of A and D must be calculated. (See 
appendix, p. 116). Care must be taken to ensure that f,9, h, p, q, r are half 
the respective coefficients. Note carefully that the rank of D can be calculated 
simultaneously as that of A if no multiples of the fourth row or column are 
added to the first three rows or columns. 


6. The reader is recommended to work this example by the method of the 
section, rather than quote (83.2). 


Miscellaneous examples 


1. Select axes as in Fig. 10, §17. The locus is given by (x cos æ — y sin «)* 
+ (z + c)? = (x cos a + y sin «)? + (z — c)?. That is ay sin æ cos « — cz = 0. 
(Alternatively, consider the surface as the locus of the centres of spheres 
which touch the two straight lines). Calculation, yields R(A) = 4, R(D) = 2. 


2. Select the given generator as the x-axis, The quadric is then by? + cz? 
+ 2fyz + 2gzx + 2ħæy + 29y + 2rz = 0. Next choose the normal at tho 
origin as the z-axis. Now, the direction-ratios of the normal at P are 
(hyp + gzp, hp + byp + fep + q, gp + fyp + czp + r} and so at the origin 
they are {0, q, r}. Hence g = 0. Tho normal at (x, 0, 0) on the generator has 
the equations (« — «)/0 = ylha = z|(gæ + r). Elimination of « yields the 
quadric gry — hee + ry = 0. Calculation shows that R(A) = 4, R(D) = 2 
and the two non-zero roots of the discriminating cubic are equal but opposite 
in sign. 

3. In this example P = 0, Q = cos æ sin a, R = — cos? g and so equations 
(81.2) are 2/0 = cos aly cos œ + z sin a)/cos «sin æ = [sin u (y cos « + zsin 4) 
+ 1/— cos? , Hence, etc. The invariants are I = 2J=1, D=0,4= 
— cos? æ and so the reduced equation is obtained from (81.1). 

4. The quadric with given generators is aay + pelz — k) + yyl + k) 
+ (z? — k?) = 0. Since it passes through the origin, 6 = 0. The quadric 18 
of revolution if R /—} «j2 B/2\=1. That is, aB/y = pyle = yalh 


a/2 —A y/2 
I2 y2 —1 
and so a* = ĝ? = y?, The invariants are I = 0, J = — 34?/4, D = + 8/4, 


A = atk*/4. The roots of the discriminating cubic are — «/2, — «/2, œ Or «l2, 
«|2, — æ. Hence, ete. 


5. Let the circles be Y =x? + 2? — 2az = 0 and z = x? + y? — 2ay = 0. 
A quadric through both circles is given by z? = me 224 aie — 2a(y + z) 
=0. We have A = 2a%f — 1) and D = 1 = fend ented corresponds 
to a paraboloid and f = 1 to a cylinder. In both cases the non-zero roots g 
the discriminating cubic are 2 and 1. For f = 1, note that A = 7 = 0 bu 
B| = — a?. Hence, ete. i 


6. The reduced equation is 272 — y? —2z2=0. Apply Example 5, §28. 


7. Calculation yields A = 0, A= B= 0 H (By + 7% 
+ af) P=Q=R=D=0, wv Gn 6a Fang em Pte 
+ of. If By + yo + aß #0, R(A) = 3, R(D) = 2 and so the quadric is 
eylinder whose reduced equation is 2,2? + Ay? = 1. Further, I = 2(a + 2 
+y) and J = 3(By + ya + aß). Consequently Ay, 4g are the roots of 
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Qa + B+ y)A+ 3(By + ya + aß) = 0. The cylinder is hyperbolic if 
2,2: < 0 but elliptic if 7,4, > 0 and A, + A, > 0. 

If py + ya + aß = 0, then R(A) = 2, R(D) = 1 and so quadric is a 
parallel plane-pair. 

8. Calculation yields A = — D = a? + b? + 3 — 3abc = a + b + c)[(b 
— ¢)? + (c — a)? + (a — 6)*]. Thus fora + b + c # Owe have R(A) = 4and 
R(D) = 3. Further, I = a + b + c, J = be + ca + ab — a? — b? — c? and so 
the roots of the discriminating area + b + ¢, + Va? +b? + cè — be — ca — ab. 
The reduced equation is A,z? + A,y* + 2z? = 1. Hence, ete. 

If a+b+c=0, calculation yields R(A) = 3 and R(D) = 2 and so 
quadric is a cylinder which is hyperbolic with the reduced equation 
V be + ca + ab (z? — y?) = 1. 


Chapter XI 

1. The locus is (x — ag)? + (y — Yr)? + (z — zg)? = (Ae + uy + vz + p)’, 
where [A, st, v] are direction-cosines. Calculation yields D = 0. Hence, etc. 

2. Result follows from the identity x?/A + y?/B + 2°/0 — 1 = {(x — xg)? 

+ (y — yx)? + B/C + (1/A — 1C){x — Azg|(A — C} + (1/B — 1C)y 
+ Byx|(C — B)}* when zg = 0 and yx*/(B — C) — xx*/(C — A) = 1. 

3. Ifa = b, the rank of the matrix at the beginning of this section is 2 for 
4=aorc. The line x = y = 0 corresponds to a whilst the circle corresponds 
toc 

4, The focal ellipse and hyperbola for A > B > C are (85.3) and (85.2) 
respectively. Their real foci are at (+ VA — B, 0, 0) and (0, + VA —G, 0.) 
Hence, etc. 


5. For a cone d = 0 and so division by d is not allowable. The equations 
(85.1), (85.2) and (85.3) with zero right-hand sides give three pairs of focal 
lines of which only one pair is real. 


6. When a = b the rank of the matrix at the beginning of this section is 2 
only for 4 = a. Focal conics reduce to x = y = 0 taken twice. 


7. (æ — xp)|l = (y — yp)/m = (z — zp)/n touches (87.1) if (Zaxpl/(A — k))* 
= (X/A — k))(Exp (A — k) — 1). (Example 2, p. 47.) By Lagrange’s 
identity, this equation may be written LX(nyp — mzp)*/(B — k)(C — k) 
= L1/(A — k). This is a quadratic in Æ and so two confocals corresponding to 
k, and k, touch the line at Q and R (say). Since R lies in the tangent plane at 
Q we have Lxgx,/(A — kı) = 0. Similarly, DrpxQ/(A — k,) = 0. By sub- 
traction and division by k, — k, we have Lxgrz/(A — k,)(A — k,) = 0. Hence, 
ete. 


8. The pole of Ax + my + vz + p = 0 with respect to (87.1) is at x = 
—HA—k)Ip, y u(B — k)|p, z= —vW(C —k)/p and so xp/A+A 
= ypļu + B = zp/v +- C which represents a straight line orthogonal to the 
direction {A, jt, v}. Further, the point of contact of the given plane with a 
confocal of the system is on the locus. Hence, etc. 


9. From the cubic equation in k of this section, we have Dk, = — Dap? 
+ BA, Ekk, = — E(B + O)up? + EBC, kykgk, = SBCx,? — ABC. Hence, 
ete. 


10. By (63.1) the plane Av + py + »z + p = 0 (p variable) touches the 
confocal (88.1) if (A — k)A? + (B — k)u? — kv? — 2vp = 0. By (62.1) the 
point of contact is at «= (k — A)jd/v, y = (k — B)ulv, z = (kv + p)/v. 


t 
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Elimination of k yields the straight-line xv/å + A = yv/pe + B = (22 — AP? 
— Bu*)|(v? — #2 — u°). The point (0, u(A — B)/», [Ay? — (B — A)j?)/2v*) 
lies on this plane and one of the focal parabolae. Hence, etc. 


Miscellaneous examples 


1. R/1—-2 0 0 Atg = 2 when A= 1, 
oO -A 4 Ave nope 
0 4 —å hex 
acy dyg deg -—1— Aler? + yr? + zg?) 
å = 1 yields the virtual conic 16(y? + 2z?) + 8yz = — 15, v= 0. A=4 
yields the focal hyperbola and 4 = — 4 the focal ellipse. 


2. Seo Examples 2 and 3, p. 63. 


3. gja =a,/Va? =k, ete. Thus (£; — ty)? — (xp — wy)? = k(x? 
— wy*)/a* and so LM’? — L/M? = [Xax,*%/a* — Day2/a2] = 0. Hence, ete. 

4. The normals from K to the quadric (87.1) lie on the quadric cone 
XC — Besly — yg)(z — 2x) = 0 by (40.5). 

Further, equation (48.5) shows that the normals from K to the quadric 
(88.1) lie on the quadric cone (2 — 2g)(gy — yrz) + (A — B)(x — ax)(y — Ya) 


= 0. (The presence of — k in the right-hand side of (88.1) has no effect on the 
result.) 


5. The normal at P to the confocal (87.1) with k = k, has the equations 
M nate m #e)fze = (B — ky\ly — yplyp = (C — kyle — zp)fzp. Lot this 
normal cut the polar plane of P with respect to 2/4 +- y?/B + 2°/0 = 1 at Q. 
Then Q = (xpll + (4 — ky)}, yell + eB — kd], ALF (C — ki) But @ 
, 2 gp? 
lies on xpz/A + ypy/B + Zpz|C = 1 and so zi (i + 7 bee l=27 = ky 
Hence t = k, andQ = (Axp/(A — k,), Byp|(B — kı), Czp[(C — kı)). The polar 
plane of Q with respect to F is Zxpx/(A — k) = 1 which is the tangent plane 
at P to the confocal k = hy. Hence, ete, 


6. Let P be the vertex of the cone and Q, R, S be the points where the nor- 
mals at P to the confocals through P intersect the polar of P. (Tho polar 
plane of P with respect to the tangent cone is also the polar plane of P with 
respect to the quadric.) By the previous example PQRS is a self-polar tetra- 
hedron with respect to the quadric. Hence QRS is a self-polar triangle of the 
section of the quadric by the polar plane of P. Thus PQ, PR, PS are conjugate 


diameters of the cone and since they are mutually orthogonal they are the 
principal axes, 


7. The polar line of PQ with respect to (87.1) is the line of intersection of 
the planes Erpr/(A — k) = 1 and Zxgx/(A — k) = 1 and so has direction- 
ratios (A — k)(ypzg — Yozp), ete. The orthogonality condition is (A — kler 
— 2o)(YPZe — Yor») = 0. That is ZA(zp — xo)lyrzg — Hazp) = 0, wee 
independent of X. Hence, ete. a . r 

£ Tue discriminating cubics are 73 — aA — 28 = 0 and 4% — ah! P 
ie whera JEt ged I, B = fgh, of =E g + aa E 5 
If the two quadrics are AT a + , a A pe af Pan. T 
a8 — a’(1 + kaya — 26'(1 + kå)? = 0 is the same equation as 2° — ak — 718 
= 0. Comparing coefficients, we have 24’k -- 6ß'k? = O and 1 — a/k* — a 
= (a! + 6f'k)/a = p/p. Hence, ete, 
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Chapter XII 
1. The polar plane of A with respect to (89.1) is Fy + kF’4 = 0 which 
forms the pencil of planes with the straight line F, = F’, = 0 as axis. 


2. The polar line of AB with respect to (89.1) is Fy + kF’4 = Fg + kF’g 
= 0 and so it generates the quadric FF's — F;F', = 0. 


3. Consider the matrices A = 1 0 1— łk 4k\ and 
0 l+k 0 0 
l1 — $k 0 0 0 
3k 0 0 0 
D= 1 0 1 — 3k\. In general, R(A) = 3 and R(D) = 3. 
0 l+k 0 
I=% 0 0 
For k = 2, we have R(A) = 3 and R(D) = 2 which corresponds to a cylinder 
whose reduced equation is æ? + 3y? = 1. Fork = — 1, we have R(A) = R(D) 


= 2 which corresponds to a plane-pair. 


4, A transformation of axes exists for which the plane u = 0 becomes the 
plano x = Oand the plane v = 0 becomes the plane Ax + uy = Oor Ax + p = 0 
according as u = 0 and v = 0 intersect or are parallel. In either caso, equation 
(90.1) is quadratic in k. Hence, etc. 

5. Let the quadrics be F, = F — kpa’ = 0 and F, = F — kyu," = 0. 
Then F, = F, + kuv where kuv = — k,u,*. Hence, ete. 


6. (i) If F and F’ represent the quadrics, equation (90.1) has the repeated 
root i: = 1 which corresponds to the coincident pair of planes (x + y + z + 1)* 
= 0. Thus the quadrics have ring contact. 
(ii) In this case, equation (90.1) has a simple root k = — 1 which corresponds 
to (æ — y —1)(e — z + 1) = 0 and so represents a plane-pair. Thus the 
quadrics have double contact. 


7. The polar plane of A with respect to (92.1) is Py + k'F'a + bP", = 0 
which passes through the fixed point Fy = F’, = F”4 = 0. 

8. Tho three degenerate quadrics A,A,4,B;, B,B,ByA,; AgA,AyBy, 
B,B,B,A,; Aj4A,A,B,, B,B,B,A, pass through the eight points A; B; and 
so they form a set of associated points. A fourth degenerate quadrie through 
seven of these points in the plane-pair A,A,4,B,, BBB}. Henco A, lies on 
this quadrie, ete. 


Miscellaneous examples 


1, All quadrics through the parabola are represented by x? — day — a? 
+ 2(Aw + uy + vz + p) = 0. The section by y = 0 is x? + 2? — a? = 0 and 
so y=1, 4=p=0. Hence the pencil has the equation x? + 2? + pyz 
— day — a? = 0. For this pencil A = — 4a? + a®u*/4 and D = — p*/4 and 
so cones correspond to u = + 4 and a paraboloid to u = 0. 

The centres of the quadries of the pencil satisfy x = 0, — 4a + pz = 0 and 
2z + uy = 0. Hence, ete. 


2, Equation (90.1) for the pencil F + k(Ax + yy + vz + p)? = 0 reduces 
to A + kE = 0 which is linear in k. (See equation (95.2) for the notation X.) 
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‘The cone degenerates to a cylinder if | a + k}? h + kiu g + khv | = 0. 
h+ kip b+ kp? f+ kyr 
g+ kiv f- kur c- k? 


This equation reduces to D + k¢ =0. (See equation (29.2).) Hence the 
required condition is Ag = DS. 


3. From the matrix A of the pencil 2 + y? -+ 222 + 2az + k(z? — 22y) = 0 
we calculate that A = a?(k? — 1) and D = (k + 2)(1 — Ł?). Thus, cylinders 
correspond to k = 4 1. Hence, ete. 


4. Choose the tangent plane at the origin to be z = 0 and so the sphere. 4 
a + y? + 2% + 2rz = 0. A quadric having ring contact is x* + y? + 2? + 2rz 
+ kd + py + vz + p)? = 0. Its section by z = 0 is z? 4 y? + k(dw + HY 
-+ p)? = 0 which clearly represents a conic with focus at the origin and 
directrix Ax + py + p = 0. 


5. Letu, = Ae + py + v2 + pi. Then the polar plane of A with pi 
to Iku? = 0 has the equation Th((Aeea + ys + vza + pu; = 0. Let 
be the point Uz = Us; = u, = 0. Then the coefficients of ta, us, u, in the above 
equation are zero and so the polar plane is x, = 0. 


6. The equation kiuw, + Kyuegvy + kyu, = 0 is satisfied by tho eight 


=v, = t 
= U, = Uy = 0, uy = ty = vy = 0, ty = Vs s 


Y, 2) on the cone has coordinates x = wall + k) — pi 
and U any point on F = u = 0. Thatis Fg = 0, tu a 
"Pa — 21 + k)Pyy, Ta = (1 + A) Fa — Tapit = 

n of Tay and 1 -+ k yields the result. 


the cone can be written u4?P + u( Fau — 2ta Taja: 
Hence, ete. 
Chapter XIII 
a0) 4 2 GP eis ny ajala o yal ma 
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v= fo? —4of -iya 0 
-ief 18 -by 0 
=e =y b* © 


0 0 0 taby 

(ii) A = /1 0 0 1\ andso V = /0 0 0 J 

0 0-1 0 0 0 —1 0 

0-1 0 0 0-1 0 0 

1 0 0 0 1 0 0-1 

(iii) A=/1 0 1 0 andso V=/-—1 1 0 0 

0010 1-1 -1 0 

22 @ 0 0 =1 0 0 

C 0 1 0 0 0-1 
4, V = 0 yields k = — 1. The equation 2° +- p° — v? + 44u — 2dy + 2up 
— p? = 0 represents a conic whose plane is given by 2A + 4u — 2» = 44 
+ 2u + 2p = —2 2»=0. That is, A= — p= — v= — p and so 


plane is æ — y — z — 1 = 0. The cylinder enveloped by all the tangent 
planes parallel to the z-axis satisfies 2? + p? + 4u + 2up — p° = 0 which 
has the point equation 2x* + y? — day — dx + 2y + 3 = 0. 

5. Tho point equation corresponding to 4? + 24° + p* + 4uy = 0 
is F = 2x? — 2? + 2yz2-+2=0. The result follows from (97.2) with 
— 1, — 2, 0). 

6. (i) The tangential equation corresponding to x* + y? + 2zx + 2æy + 3 
= 0 is E = 3u? + 6Av — Guy + p? = 0. The result follows from (98.2) with 
a = (1, 2, 0, 0). 

(ii) This problem needs care since 2a? + y? — day — 4w + 2y + 3 = 0 is 
degenerate and so cannot be expressed by a single tangential equation. Tho 
conic can also be expressed by the equations # — y — z — l = 2a*+ y? 
— 4dxy — 2y — 4z — 1 = 0. The quadric 2z? + y? — day — 2y — 4z —-1=0 
is not degenerate and has the tangential equation A? + 2u? + 4Au — 2dv 
— 2uv + 2vp = 0. The result now follows from (98.2) with a = (1, — 1, — 1, 
ats, 

7. This result is dual to Example 2, p. 102. 

8. The tangential equation is 44? + 2u» — 4p? = 0. The values of k which 
make (100.1) degenerate are + 1, — 4. The real focal conics correspond to 
#1. 


A= 


Miscellaneous examples 

1, The tangential equations of the sphere and hyperbola are 4? + p? + y? 
—p*=0 and J? — p? + v? — 2Ap + p? = 0. [See solution of 6 (ii).] The 
required conics are the degeneracies of A? — u? + v? — 2Ap + p? + k(22 + p? 
+»? — p?) = 0. These correspond to k = 0, + 1. Hence, etc. 

2. The focal parabolae are the degenerate conics of »? + dry + 4p + 4up 
+ k(A® + u? + +?) = 0. These correspond to k = 1, — 2. 
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3. The focal conics are the degenerate conics of «(A* + 2yuv) + 2vA + 2Aye 
+ p? + k(4? + p? + v?) = 0. The corresponding values of kare x, — « + V2 
The conic corresponding to k = % is 2042 + ay? + av? + 2ayev + wå + 2Zye 
+ p = 0 which lies in the plane determined by 244 + po + = A+ ap 
+ ap p=0. That is, A=0,p=1, v = — l, p = 0 and so the plane is 
y — z = 0. The point-equation is «x? + 2y? — 2xy + 2a? — 1 = y — z = 0. 
Make the rotation corresponding tox = 2’,y = (y’ + 2')/V2,2 = (y’ — 2) V2 
and dropping the primes, the equations become ax? + a(y + 2)? — V2a(y + 2) 
+20? -1=V22=0. That is a(z? +y?) — Vey + 2a? — 1 =z = 0 
The line-equation of this conic is a(4? + p?) + VAn + 1/2 = 0 which 
represents a system of confocal conics. 


4. The planes parallel to the z-axis are Hy + vz + p = 0 and the point at 
infinity on the z-axis is 2 = 0. Thus the required equations are 2 = By? 
+ Cr? + Dp? + 2Fuv + 2Qyp + 2Rvp = 0. 

5. This diameter is the line joining the pole of the plane at infinity and the 


pole of the plane x = 0. That is, the line joining the poles of (0, 0, 0, 1) and 
(1, 0, 0, 0). Hence, ete. 


6. The quadric F’ = F + kw = 0 has double contact with F such that 
u = 0 and v = 0 are the common conics of intersection of the two quadrics- 
Dually X’ == + kUV = 0, where U and V are both linear in A, /, v, p iS the 
equation of a quadric envelope which has double contact with X and such that 
U = 0, V = 0 are the equations of the vertices of the two common tangent 
cones to the quadric envelopes. These vertices aro on the a-axis and so 
X’ = E + klay + p)(a’A + p). The condition that E’ = 0 be a paraboloid is 
D +k=0. The quadric envelope touches the z-axis and so some tangent 
plane (2, p, 0, 0) exists through the z-axis. Thus A4? + By? + 2H 
— Dax’?? = 0 has coincident roots, Accordingly H? = B(A — Dax’). 
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